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Mo dau
Ngay nay cac nha khoa hoc md hinh héa cac hién twong tu nhién bang céach dich
cac két qua thuc nghiém va khéi niém ly thuyét vao nhiing biéu thirc toan hoc chira sd,
bién, ham sb va cac toan tir. Sau d6 dua vao cac dinh 1y d3 duoc ching minh dé bién doi
hodc chuyén thanh cac biéu thire khac dé khdm pha céc hién tuong dang duoc nghién
ctru. Céch tiép can toan hoc nhu vay la mot thanh phan quan trong ciia phuong phap
nghién cau khoa hoc trong cac nganh khoa hoc hién nay.

Trong hon nira thé ki qua may tinh da tré thanh thiét bj khdng thé thiéu gidp giai
quyét cac van dé toan hoc. Céc nha toan hoc thudng xuyén sir dung may tinh dé tim 10
giai cho cac van dé kho khin hoic nhirng van dé khdng thé thuc hién dugc bang phuong
phap tha cong. Trén thuc té may tinh chi thao tac vai hai ki hiéu 0 - 1 thong qua cac luat
duoc thiét 1ap san nén khong thé mong doi né tao ra tién dé, Iy thuyét.... Tuy nhién mot
phan cua ly luan toan hoc nhu cac thao tic may moc, phén tich biéu thiec... thi c¢6 thé
thuc hién bang cac thuat toan. Hién nay c6 cac chuong trinh may tinh c6 kha ning rat
gon biéu thic, tich hop cac chirc nang phic tap, giai chinh x4c phuong trinh. .. Cac linh
vuc toan hoc va khoa hoc may tinh c6 lién quan dén van dé nay thi duoc goi 1a dai 6
may tinh.

Pai s6 may la tinh 1a mot linh vuc khoa hoc dé cap toi viéc nghién ciu va phat
trién céc thuat toan va phan mém @ng dung trong tinh toan céc biéu thirc toan hoc va
cac ddi twong toan hoc khac. Trong d6 hé thdng dai s6 may tinh 1a mot phan cua dai s6
may tinh, mdt chuong trinh phan mém cho phép tinh toan cac biéu thirc toan hoc bing
cach tuong ty nhu tinh toan bang phuong phéap thii cdng ma cac nha toan hoc va khoa
hoc thuong st dung.

Hé thong dai s6 may tinh la gi?

Hé thong dai s6 may tinh 1a chwong trinh phan mém thyuc hién bién ddi cac biéu
thirc toan hoc trong d6 cac yéu t6 toan hoc nhu rat gon, giai thira, liy thira... duoc két
hop véi cac ciu tric diéu khién nhu vong 13p, cau trdc ré nhanh va cac chuwong trinh con
dé tao ra cac chuong trinh c6 thé giai quyét cac van dé toan hoc.[23]

Hé thong dai s6 mdy tinh dic biét hitu ich cho cac nha toan hoc, khoa hoc vi
ching c6 nhiéu chic ning nhu tinh toan biéu thic, xu ly biéu twong (symbolic
manipulation), giai phuong trinh...

Tai sao lai can mét hé thong dai s6 may tinh?

e Trén thyc té ¢ nhiing bai toan hoic van dé khong thé giai quyét dugc bang
phuong phap thu cong.

e Cic dap an dua ra bang phuong phap dai s6 thudng ngin gon va cung cap thong
tin vé mdi lién hé gitra céc bién.

e T biéu thuc dai s6 c6 thé suy ra cac thay d6i caa tham sé ¢6 thé anh hudng dén
két qua tinh toan.



e K&t qua cua tinh toan dai sb thi luén chinh xé&c con tinh toan sb hoc thuong ton
tai gia tri xap xi co thé dan dén cac sai léch trong két qua.

e Trong mot sb truong hop hé thdng dai s6 may tinh s& rat gon thoi gian tinh toén
hon 13 cac phuong phap tinh toan truyén théng.

Hé théng SMC [14]

Dém mau 12 van dé c6 dién trong tinh toan sé lugng giai phap thoa man mot tap cac
rang budc. N6 ¢6 nhicu tng dung trong linh vuc khoa hoc may tinh nhu tri tué nhan tao,
toi wu hoa chuong trinh, phan tich luu Iugng thong tin.

Pém mau la ki thuat c6 thé ap dung cho sé nguyén, gia tri logic nhung khong thé
ap dung tryc tiép cho dit liéu phirc tap nhu mot chudi ki tw, dé giai quyét van dé nay
nhom tac gia Loi Luu, Shweta Shinde, Prateek Saxena cua trudng dai hoc qubc gia
Singapore (National University of Singapore) da dua ra giai phap trong dé co trinh bay
mot cong cu goi la SMC (string model-counting).

Cho mét tap chudi ki tu va rang budc caa ching, SMC c6 thé tinh bién dya trén sé
lwong phan tir caa tap chudi théa man rang budc véi do chinh xac va hiéu qua cao. Nhom
tac gia sir dung ham sinh (generating functions - GFs) mot cong cu toan hoc quan trong
cho Iy luan vé chudi vé han, né cung cap co ché cho phép xac dinh sb lwong phan ti caa
mét tap chudi rang budc. Y tudng dang sau ham sinh (GFs) 1a ma héa s luong cac chudi
c6 d6 dai k nhu 1a hé sb thir k ctia mot da thiic. Céc da thirc c6 thé biéu dién duoc dudi
dang cac biéu thirc hitu han, khi d6 biéu thirc hiru han nay s& c6 kha nang biéu dién tap
v0 han céc chudi.

Trong cdng cu SMC ¢ sir dung hé théng Mathematica (mot hé thong dai s6 may
tinh) dé xu ly cac biéu thire dai s6, xir 1y da thirc va mot sb cac tinh toan khac.

Muc tiéu caa luan van

Muc tiéu caa luan van 1a dua vao nén tang Iy thuyét vé toan hoc va cac khai niém
thuat toan co ban dé xay dung cac thuat todn va thé hién cua né bang cac toan tir va cau
truc diéu khién co trong ngdn ngir lap trinh dé giai quyét cac van dé trong hé thong dai
s6 may tinh dé tir d6 phat trién mot hé théng dai sé may tinh mién phi cho phép thyc
hién cac thao tac tinh toan tir co ban dén phic tap nhu tinh gid tri biéu thuc, téi gian
phan s, tinh toan da thurc ... Trong d6 muc tiéu chinh caa luan van 1a phat trién cac ham
xir Iy da thirc nham thay thé hoan toan Mathematica trong céng cu SMC.

CA4c van dé dwoc néu ra va xir ly trong pham vi luin vin:
e Xt ly biéu thirc
o Phan tich chudi dau vao dé nhan biét biéu thuc.
o Tinh gi4 tri biéu thic.
o R0t gon biéu thic.
e Xur ly da thuc
o ba thac mot bién, nhiéu bién.
o Cac phép toan co ban trén da thuc.



o Kbhai trién da thuc.

e Xay dung cac ham xir ly cho hé théng SMC
o Tim chudi taylor tai mét gia tri bat ky, dén mot hé sb bat ky.
o Xay dung ham MAXF, MINF, DEDUP.



1 Kién thtc nén tang
1.1 Ngon ngir gia ma

La mot ngdn ngit biéu tuong duogc sir dung trong luan vin dé mé ta cac khai niém,
dinh ly, vi du, dac biét la cac thuat toan va cac thu tuc thuc hién thuat toan. Ngon ngir
gia mi twong tw nhu mot ngdn ngit dai sé may tinh nhung né mang tinh hinh thtec vi sir
dung ca biéu tuong toan hoc, tiéng anh va tiéng viét trong do.

Dé sir dung mot hé thdng dai s6 may tinh hiéu qua thi didu quan trong 13 phai hiéu
1d rang vé ciu tric va ¥ nghia cia cac biéu thirc toan hoc. Vé co ban biéu thirc toan hoc
trong ngdn ngit gia ma ciing giéng nhu cac biéu thire toan hoc théng thuong nhung c6
mot s6 thira nhan dé thich hop trong mdi trudng tinh toan. Cac biéu thic duoc mo ta
bang ciu trac sir dung cac toan tir va cac ky hiéu sau:

e S0 nguyén va phan s

Mot phén mém thuc hién chinh x4c céc thao tac trén biéu thirc toan hoc phai
c¢6 kha nang thuc hién chinh xac céc tinh toan s6 hoc. Trong cic ngdn ngir 1ap
trinh thong thuong viéc tinh toan véi s6 thuc dau phay dong thuong cé lién quan
dén 1am tron s6 nén s& khong phu hop v6i hau hét cac hé théng dai sé mdy tinh.
Thay vao d6 cac hé thong sir dung s6 hiru ti d& dam bao thu duoc két qua chinh
X&c.

Vi du:

f=x*-1/(x—-1)
g = (x*-099)/(x—1)

Mic du gia tri cua f va g la gan nhu nhau véi mdi gia tri cua x nhung dic
diém toan hoc cua hai biéu thic 1a hoan toan khac nhau.Véi x # 1 thi f c6 thé
rat gon thanh (x + 1) trong khi d6 g thi khéng thé rut gon duoc.

e So thue

Trong ngdn ngir gia ma thi s6 thyc 1a mot s6 hiru han bao gdm dau phay thap
phan va c6 thé ¢ sb mii cia 10

Vidu: 467.22, 0.33333333, 6.02.10"23.

Trong todn hoc mdt s6 thuc khong c6 dang hitu ti thi goi 1a s6 vo ti. Do khé
¢6 thé thyc hién céc thao tac tinh toan biéu tuong voi s6 vo ti nén s6 vo ti s& dugc

thay biing cac ky hidu (e, In...) hoiic céc biéu thirc dai s6 (22...)
e Dinh danh
Trong ngdn ngit gia ma dinh danh 1a mot chudi cac chif cai tiéng anh, tiéng
hy lap, chit s6 va ddu gach duéi. DPinh danh duoc sir dung trong ngdn ngit gia ma
nhu 13 bién 14p trinh twong Gng v6i két qua caa mot phép tinh, nhu mot ham, mot
toan tur, tén cua thu tuc, ky hi€u todn hoc hoac cac ky tu dac biét.
e Toan tir dai so6 va ddu ngoic
Céc toan tir dai s6 dugc trinh bay trong bang dudi. Dau ngodc duoc st dung
dé thay ddi cau tric cua biéu thirc.



Toén tir toan hoc Toén tir trong ngdn ngir gia ma
Cong, tru +, —
Nhan, chia *,/
Liy thtra A
Giai thtra !

Bang 1.1 CAc toén tir dai s6
Ham s

Trong ngdbn ngir gia md ham sé dung dé biéu didn cac ham toan hoc
nhu (sin(x), exp(x), arctan(x)...), cac toan tir toan hoc (Expand(u),
Factor (u), Integral(u,x)...), va cac ham nhu ( f(x), g(x,y)...).Trong hé
thong dai s6 may tinh cac ham toan hoc duoc dinh nghia thong qua cac hanh dong
cua cac luat bién doi trong hé théng. Ham dung dé thao tac va phan tich biéu thirc
toan hoc duoc goi la toan tir toan hoc.

Mot dang quan trong ciia ham 12 dang khong xac dinh, trong dang nay biéu
thize dugc ky hiéu (f(x), g(x,¥)...). Cac ham dang nay khong c6 luat bién doi,
khong ¢6 thudc tinh ma chi c6 su phu thudc cua tén ham vao biéu thirc bén trong
dau ngoic don.

Cac toan tir logic va toan tir quan hé

o Cac toan tir quan hé dugc str dung trong ngdn ngir gia ma la:

=%5<,5,>,2

o Cac tan tir logic:

and, or,not, true, false
Tap hop va danh sach
o Tap hep
Trong ngdn ngit gia ma mot tap hop 1a mot tdp bao gdm hitu han céac
biéu thtrc toan hoc duoc bao quanh boi cip dau ngodc “{}’ va thoa man
hai tinh chat sau:
1. Noi dung cua mot tap hop khong phu thude vao thir tu ctia cac
phan tir trong tap hop.
2. Céc phan tir trong tap hop phai 1a duy nhat.
Cac toan tir cta tap hgp: Cho A va B 1a hai tap hop cac toan tir cia tap
hop dugc dinh nghia nhu sau:
= Hop (AU B): 1a mét tap moi chira tat ca cac phan tir cia A va B.
Vidu: {a,b,c,d} U {c,d,e,f} = {a,b,c,d,e,f}
= Giao (A N B): 1a mdt tdp méi chira cac phén tir ¢6 trong ca A va B.
Vidu: {a,b,c,d} n {c,d,e, f} = {c,d}
o Danh sach
Trong ngdn ngit gid ma mot danh sach bao gdm mot s6 hiru han cac
biéu thic toan hoc va duge bao quanh boi cap ddu ngodc ‘[]°. Mot danh
sach rong thi khong chira biéu thirc ndo va duoc ky hiéu 1a [].
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Danh sach c6 cac tich chat sau:
1. Tha tu ctia cac phan tir trong danh sach 13 ¢6 ¥ nghia. Vi du [a, b] khac
[b, a].
2. Céhc phan ttr trong danh sach c6 thé gibng nhau. Vi du [a,b] khac
[a,b,b].
Cho L, M, N tuong tng la cac danh sach va biéu thirc x. Céc toan tur
cua danh sach dugc dinh nghia nhu sau:
= First(L): toan tir sé tra vé biéu thirc dau tién trong L. Néu L =[] thi
toan tir tra vé Undefined.
- Vidu: First([a, b, c]) — a
= Rest(L): toan tir tra vé mot danh sach bao gdm tét ca cac biéu thirc
c6 trong L ngoai trir biéu thic dau tién. Néu L = [] thi toan tir tra
vé Undefined.
- Vidu: Rest([a, b, c]) — [b, c]
= Adjoin(x, L): Toan tir tra vé mot danh sach méi chtra toan tir dau
tién 1a bi€u thic x va theo sau 1 cc biéu thirc clia L.
- Vidu: Adjoin(d, [a, b, c]) — [d, a, b, c].
= Join(L, M,..., N): toan tir s€ tra vé mot danh sich mdi chira cac biéu
thirc ctia L va cac biéu thirc ¢6 trong cac danh sach con lai.
- Vidu: Join([a, b], [b, c], [c,d, e]) — [a, b, b, ¢, ¢, d, €]
e Biéu thirc toan hoc trong ngdn ngir gia ma
Trong ngdn ngit gia ma bicu thic toan hoc 14 bat ky biéu thirc ndo duoc tao
thanh bang cach str dung s6 nguyén, phan s6, s6 thuc, dinh danh, ham sé, tap hop,
danh sach va cac toan tir dai sb, toan tir logic, todn tir quan h¢ dugc mo ta & trén.

1.2 Tinh ton biéu thirc va chuwong trinh toan hoc
Tinh toan biéu thic

Thuat ngit tinh toan biéu thirc lién quan dén cac hanh dong trong hé thong dai sd
may tinh dé dap ing mot biéu thirc ddu vao. Cac hanh dong bao gdm: [13]

1. Phan tich ciu tric ctia biéu thirc va bién d6i sang cau trac ciia hé thong.
2. Tinh gié tri cta cac bién duoc gan va toan tir toan hoc xuat hién trong biéu thirc.
3. Ap dung mét s6 cac quy tic rit gon co ban cua dai sé va luong giéc.
Chuong trinh toan hoc
Mot chuong trinh todn hoc hay con goi 1a mgt thuat todn toan hoc 1a mot chudi cac
cdu lénh dé thuc hién céac toan tir va cau trac diéu khién trong 1ap trinh dai s6 may tinh.
Céu tric ctia chuong trinh thudng c6 cac tinh chat sau: [13]
1. Cac cau I¢nh trong chuong trinh dugc xem nhu mot don vi dugc nhap vao tai
mot ddu nhic don hodc ving dau vao trong ché do tuong tac cho cac chuong
trinh 16mn hon.



4

2. Céc cau lénh bao gdm céac biéu thirc toan hoc, cic cau 1énh gan, cau 1énh quyét
dinh, cau 1énh ldp, ham va cac thu tuc dugc dinh nghia.

3. Nhu v6i cac chuong trinh thong thudong mot sb ciu 1énh c6 vai trd nhu 14 cac cau
1énh dau vao, mot s6 cau 1énh 1a tinh toan trung gian voi dau ra khong duogc hién
thi, mot s6 cau 1énh thi dé hién thi dir liéu 1 két qua ciia qué trinh tinh toan.

4. Chuong trinh duoc thiét ké tong quat dé co thé thuc hién mot 16p cac van dé thay
vi mot van dé duy nhét.

1.3 Khai niém toan hoc co ban

1.3.1 S6 nguyén
Trong phan nay s& dua ra cac tinh chat co ban cua sé nguyén va md ta mot so thuat
toan quan trong dé thao tac véi sb nguyén trong dai s6 may tinh.
Z=1{..-2-1012..)}

Pinh nghia 1.1: Cho sb nguyén a va b khac 0, c6 sé nguyén g va r 1a duy nhat sao
cho:
a=q*b+r
S6 nguyén g 1a thuong twong ng vai toan tir iquot(a, b) va r 1a phan du twong
ung toén tr irem(a, b).
Dinh nghia 1.2:
e S6 nguyén b # 0 1a ude cua s nguyén a néu cd6 mot sé nguyén g sao cho a =
q*b
e Mot uwéc chung cua hai s6 nguyén a va b 13 mot s6 nguyén c sao cho ¢ 1a wéc cua
avab.
Pinh nghia 1.3: Hai s6 nguyén a va b 1a s6 nguyén té ciing nhau néu ching chi c6
udce chung la 1 va -1.
U'éc chung 16n nhit

U6e chung 16n nhit cua hai s6 nguyén a va b 1a sé nguyén d thoa man:

1. dlaudcchungciaavab
2. Néu e 1a wdc chung khac cua a va b thi e chia hét cho d
3.d>0

Chay: Néu cd a va b bang 0 thi dinh nghia trén khéng dwoc ap dung. Trong truong hop
nay quy dinh gcd(0,0) = 0.

Thuit toan Euclid dé tim wéc chung 16n nhit

Pinh nghia 1.4: Cho a va b 1a cac sé nguyén khac 0 va cho r = irem(a, b) thi
gcd(a,b) = gcd(b,1).
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e Thu tyc thyuc hién toan tir tim wéc chung 16n nhét caa hai s6 nguyén a va b

Procedure IntegerGCD(a, b);
Input
a, b : 1a cac s nguyen:
Output
U6e chung 16n nhit cua a va b;
Local Variables

A, B R;
Begin
A:=a;B:=Db;
while B =0 do
R = Irem(A, B);
A =B;
B =R;
Return(AbsoluteValue(A))
End
Hinh 1.1 Tha tuc tim wéc chung 16n nhat caa hai sé nguyénavab
Chay:

- gcd(a, b) la wéc chung lén nhdt cia a va b (Greatest Common Divisor).
- AbsoluteValue(A): gia tri tuyér doi cua A

1.3.2 S6 hitu ti

Trong ngdn ngir gia ma mot sé hitu ti 1a mot phan sé a/b véi a va b # 0 1a cac s6
nguyén. Véi dinh nghia trén thi s6 hitu ti ¢6 thé biéu dién duéi nhiéu dang (1/2,
(—2)/(—4)...). Qua trinh rut gon sé& bién doi sb hiru ti vé dang chuan.

Vidu: 2/4 - 1/2,2/(=4) » (=1)/2 (=2)/(=4) — 1/2,4/1 - 4
Phép bién dbi s& thu duoc bai luat sau:

Dinh nghia 1.5: Cho a va b |2 céc s6 nguyén. Phan s6 a/b 1a & dang chuan néu thoa
man hai diéu kién sau:

1. b > 1

2. gcd(a,b) =1

Pinh nghia 1.6: Mot biéu thic 1a mot s6 hitu ti & dang chuan néu biéu thirc d6 1a
phan so ¢ dang chuan hoac la mot s6 nguyén.
Toan ti rat gon sé hiru ti

Cho u la mét sé6 nguyén hoic phan sé c6 mau khac khéng. Toan tu

SymplifyRationalNumber s& bién d6i u thanh sé hitu ti & dang chuan.

(Cha y: Ky hiéu ham FracOp(a, b) sé dwoc sir dung dé biéu dién phan sé a/b).



e Thu tyc rdt gon sé hitu ti

Procedure SimplifyRationalNumber(u);
Input
u : 12 mot phan sb biéu dién bang ky hiéu ham FracOp (véi mau sb
khac 0) hoic 1a mot sé nguyén:;
Output
la mot phan sé & dang chuan biéu dién bang ky hiéu ham FracOp
hoac 1a mét s6 nguyén;
Local Variables
n,d, g;
Begin
If Kind(u) = integer then Return(u)
elseif Kind(u) = FracOp then
n = Operand(u, 1);
d = Operand(u, 2);
if Irem(n, d)=0 then Return(Iquot(n, d))
else
g :=IntegerGCD(n, d);
if d >0 then
Return(FracOp(Iquot(n, g),/quot(d, g)))
elseif d < 0 then
Return(FracOp(Iquot(—n, g),Iquot(—d, g)))

End

Hinh 1.2 Tha tuc rdt gon sé hitu ti

2 Cau tric cua biéu thic dai sb

Do biéu thirc todn hoc 1a cac dbi tugng dir liu trong chuong trinh dai s may tinh
nén hiéu vé mdi quan hé giita cac toan tir va cac toan hang cua biéu thirc 12 rat can thiét.
Trong phan nay luan vin s& mé ta vé ciu tric thong thudng cta mot biéu thic toan hoc.

Pinh nghia 2.1: Mot biéu thirc toan hoc 1a su két hop cua cac Ky hiéu théng qua cac
luat. Cac ky hiéu toan hoc c6 thé 1a sé (hing sb), cac bién sb, cac toan tir, cac ham s

hoac cac ky hiéu nhém. Trong do:

e Hang sd la cac gié tri da dugc xac dinh.

e Bién sé la ky hiéu tuong (g cho mot gia tri chwa xac dinh hoic c6 thé thay doi

trong biéu thtc toan hoc.
e Toan tir : cong, trir, nhan, chia, 1y thira va giai thtra.
e Céc loai ngoac: ngoac don (), ngoac nhon {} hoac ngoac vuong [].
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Biéu thuc toan hoc bao gém cac biéu thuc sé hoc, da thuc, biéu thic dai sb, biéu
thirc giai tich. Trong pham vi luan van cac mo ta va dinh nghia s& tap trung vao biéu
thuc dai sd.

Phan loai toan tir trong biéu thirc

Cac thuat ngir sau ap dung cho céc toan tir trong biéu thirc dai s, ching dugc st
dung dé md ta cau trdc biéu thuc.

~ Pinh nghia 2.2: Hai toan tir trong mot biéu thirc dai s6 ¢ cap d6 ngodc khac nhau
néu mot toan tur & bén trong va toan tir con lai & bén ngoai ngoac. Khi hai toan tir khéng
khéc nhau vé cap d6 ngoac thi ching dugc xem nhu c6 cung cap d6 ngoac.
Vi du: Trong biéu thicc a * (b + ¢) thi hai toan tir * va + khdng cuing cap. Trong
biéu thuc a * (b + ¢)/d toan tir * va / ¢6 cung cap do.

CAc toan tir trong mot biéu thirc dugc phan loai bai s6 luong cac toan hang va vj tri
ctia cac toan hang lién quan dén toan ti. Cac thudc tinh ndy ma ta boi cac thuat ngix sau
day:

e Mot toan tir hau t6 don phan 1a toan tir chi c6 mot todn hang & ngay phia truéc
toan tr do6. Vi du n!

e Mot todn tir tién té don phan 1a toan tir chi c6 mot toan hang ¢ ngay sau toan tur
d6. Vidu: —x

e To&n tir tién té ham 1a mot biéu thire c6 ky hiéu ham vai mot hoic nhiéu toan
hang. Vi du: f(x,y)

e Toan tir nhi phan trung t 1a mot toan tir c6 hai toan hang trong d6 mot toan hang
& ngay truedc va mot todn hang ¢ ngay sau caa toan tu. Vi du: (a + b)

e To&n tir trung t6 n-ary 1a mot toan tir c6 hai hoac nhiéu toan hang ¢ cing cap
ngoac. Vidu: (a+b+c+d+e)

2.1 Cay biéu thuc

Cay la mot tap hop hitu han cac nat trong d6 c6 mot nut dic biét dwoc goi 1a géc.
Giira cac nat c6 quan hé phan cap goi la quan hé cha con. Pinh nghia dé quy cua cay

[1]:

1. Mot nat 1a mot cay. Nut do6 ciing 1a gbe cua cay.

2. NéunlamotnutvaTy,T,, ..., Ty 1a cac cay Véi ny, n, ... n; lan luot 12 goc thi mot
cdy T méi s& duoc tao ra bang cach cho n 1a ndt cha cua cac nut ny, n, ... ny.
Nghia 1a trén cay T lic nay n 1a gdc con céc cay Ty, Ty, ..., Ty, la cay con cua T,
ny,n, ... N laconcaandtn

CAu tric caa mot biéu thic bao gdm cac mdi quan hé gitra c4c todn tir va cac toan
hang. M6t cay biéu thirc 1a mot so do biéu dién ciu tric nay.

Vi du: Biéu thic (a + b + ¢) s& twong ung vai cdy biéu thuc sau



MJi toan tir va todn hang trong biéu thirc twong @ng bai vi tri cia nt trén cay. Noi
dung cta nat va méi lién hé giita cac nit dugc xac dinh bai luat vu tién cac toan tir. Toan
tr c6 do wu tién thap nhat cua biéu thuc xuat hién trén cung cua cay. Nt ndy goi 1a n(t
goc cua cay. Phan tuong trng véi mot toan hang duoc goi 1a nhanh cua cay hoic goi la
cay con.

2.2 Cau trac dé quy cua biéu thirc dai s6

Ly do dé quy quan trong trong hé théng dai s6 may tinh 1a do cau tric dé quy cua
biéu thuc. Cau tric nay duoc md ta boi Dinh nghia 2.3 duéi day.

Pinh nghia 2.3: Céc biéu thirc dugc phan vao mét trong hai loai sau [13]:

1. Biéu thic nguyén ta: 1a mot sé nguyén, sb thuc, ky hiéu hoic céc ky hiéu duoc
quy udc (e, true,...). Biéu thuc nguyén tir 1a thanh phan co ban dé xay dung cac
biéu thac phic tap hon.

2. Biéu thirc phtc hop bao géom mat toan tir vai cac toan hang. Céc toan tir co thé
la mot toan tir dai s6 (+, — ,*...), Mot toan tir quan hé (<, >, =...) , mot toan tir
logic (and , or ,not...), mot toan tir tap hop (U, N ...), hoac mot ham sb. Mot
toan hang caa mot toan tir ¢d thé 1a biéu thic nguyén tir hoic 1a biéu thirc phuc
hop khéc. Phu thudc vao mdi toan tir ma sé co sé toan hang twong Gng.

2.3 Cau truc thong thuong cua biéu thac dai so

Céu truc thong thudng cua mot biéu thirc dai sé trong hé théng dai s6 may tinh twong
tu nhu cu tric cia mot biéu thuc trong toan hoc va trong cac ngdn ngi 1ap trinh phd
bién.

Pinh nghia 2.4: Cho u 1a mot biéu thire dai s6. Cac toan tir trong u phai thoa man:

1. Céc toan tir + va — 12 toan tir tién to don phan hoic toan tir trung td nhi phan.

2. Céctoanta *,/, " la céc toan tar trung t6 nhi phan

3. Toan tir ! 12 toan tir hau to don phan

DPinh nghia 2.5: (Th ty vu tién cta cac toan tu)

1. Cho u la mot biéu thirc dai s6 thi thir ty vu tién ctia cac toan tir 6 cing cap do
ngoac la:

Toan tor ham (f, g...)
!

AN




*,/
+, —

Bang 2.1 Thi tu vu tién cta cac toan tu
Néu hai toan tir trong u ciing d6 uu tién & trén thi thir tu vu tién s& duoc xac dinh
bai cac luat sau:
a) Néu céc toén tir 1a (+, —) hoic (x,/) hoac (1) thi toan tir bén phai s& c6 do
vu tién thap hon.
b) Néu toan tir 1a () thi toan tir bén trai c6 do wu tién thap hon.

2. Hai toan tir & cap do ngoac khac nhau thi toan toan tir trong ngoic c6 do uu tién

cao hon con toan tir bén ngoai ngoidc c6 do wu tién thap hon.

2.4 CAu trdc rat gon cua biéu thirc dai s6

CAu triic rit gon cua biéu thirc gitip don gian hda qua trinh Iap trinh bang cach loai
bo céc toan tir khdng can thiét va cung cap co ché truy cap dé dang hon t&i c4c toan
hang cua biéu thirc. C4c gia thiét vé cau tric va quy tic wu tién cua biéu thuc dai s6 rut
gon duoc néu ra ¢ hai dinh nghia Pinh nghia 2.6, Dinh nghia 2.7 dudi day.

Pinh nghia 2.6: Cho u la mét biéu thirc dai s6 rat gon. Céc toan tir trong u thoa man
cac cau trac sau [13]:

1.

7.

Toan tir + 12 mot toan tir trung t6 c6 hai hodc nhiéu toan hang trong d6 khong co
toan hang nao cua no 1a mot tong va nhiéu nhat mot toan hang 1a mot sé nguyén
hozc phan sé.
Toan tir * 13 mot toan tir trung td véi hai hodc nhiéu toan hang trong d6 khong co
toan tir ndo cua nod 1a mot tich va co nhiéu nhat moét toan hang 1a mot sé nguyén
hodc phan s6. Néu mot s6 nguyén hozc phan sé 1a toan hang caa mot tich thi nd
la toan hang dau tién.
Toan tir don phan — va toan tir nhi phan — khong xuat hién trong biéu thic rat
gon.
Toan tir nhi phan / khdng xuat hién trong biéu thic rat gon.
Phan sb phai thoa man céc céc luat sau:
o Mot phan sé c¢/d véi ¢ # 0 vad # 0 1a cac s6 nguyén twong Gng véi cay
biéu thirc c6 toan hang ky hiéu Ia fraction, toan tir dau tién 12 c, toan tu
thir hai la d.

o Mot phan s am sé& ¢6 phan tir s6 1a s6 Am va phan mau s6 1a sé duong.
Toan tir ~ 14 toan tir nhi phan. Néu u = v™ véi n 1a s6 nguyén thi v khong thé 1a
s6 nguyén, phan sd, tich hoic lity thira.

Toan tir ! 1a mot todn tir hau t6 don phan c6 toan hang 1a s nguyén khong am

Pinh nghia 2.7: (Luat wu tién): Cho u Ia mét biéu thie dai s6 rit gon

1.

Thi tu wu tién cua cac toan tir trong cling cap ngoic la:
Tén ham (f, g...)
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AN

*

+

Bang 2.2 Thtr ty uu tién ctia c4c toan tir ciing cap do ngoic
Néu hai toan tir ! & ciing mét cap ngoac thi todn tir bén phai c6 do wu tién thap
hon. Néu hai toén tir » & ciing mot cip ngoic thi toan tiru bén trai co do wu tién
thip hon.

2. CAc toéan tir c6 cap d6 ngoac khac nhau thi toan tir bén ngoai c6 d6 wu tién thap
hon, toan tir bén trong c6 do uu tién cao hon.

Dua vao cu tric gia dinh va luat vu tién & trén dinh nghia caa mot biéu thire dai s6
c6 thé bién doi thanh

Pinh nghia 2.8: Mot biéu thirc dai sé u 1a dang rdt gon néu théa mén céc tinh chat
sau:
u 1a mot s6 nguyén
u 1a phan c/d vai ¢, d 1a cac sé nguyén khac 0
u la mét ky hiéu
u la tong, tich, lily thira, giai thira hoac ham sé voi mdi toan hang cua u 1a mot
biéu thac dai sé rut gon.

e

Chu y: Mdc du cdu trac gidg dinh va cac ludt wu tién dwoc néu trén 1a cac thuge tinh
rat quan trong cua biéu thic rat gon nhung ching chwa day dit, mét dinh nghia day di
sé duwrgc néu ra ¢ phan sau cia ludgn van. Cac mo td trén chi duwa ra cdi nhin téng quét
gilp Viéc dinh nghia trong cdc phan tiép theo ré rang hon.

2.5 Cac toan tir co ban cua bieu thire dai so rat gon

Pé phan tich va van dung mot biéu thirc dai s6 yéu cau phai truy cap vao cac toan tir
va todn hang cua biéu thuc. CAc toan tir sau s& thuc hién cac viéc d6.[12]

2.5.1 Pinh nghia toan tr Kind (u)

1. Néu u 1a mot biéu thirc nguyén tir thi tra vé kiéu cua u (s6 nguyén, sé hitu ti hoic

ky higu...)

2. Néu u 1a mét biéu thuc phuc tap thi Kind(u) tra vé toan tir nim & géc cua biéu
thuc.
Vi du:

Kind(3) — integer

Kind(m* x+b) - +
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Kind((a + b) * sin(x?)) - *
Kind(2/3) - fraction
Kind(sin(x)) — sin
2.5.2 Binh nghia todn tot NumberOfOperands(u)

Néu u 12 mét biéu thirc phic hop thi NumberO fOperands () tra vé sb toan hang
cua toan tir gé¢ cua biéu thirc. Néu u khéng phai 1 biéu thie phtc hop thi toan tir sé tra
vé 0.

Vi du:

NumberOfOperands(m * x + b) — 2
NumberOfOperands(n!) — 1
NumberOfOperands(x) — 0

2.5.3 binh nghia toan tr Operand (u, i)

Néu u 12 mét biéu thic phtc hop thi todn tir s& tra vé toan hang thi i cia u. Néu u
khong phai 1a biéu thirc phic tap thi toan tir tra vé Undefined.

Vi du:
Operand(m*x + b,2) = b
Operand(x?,1) - x
Operand(x — x,1) —» Undefined
Operand(2/(—3),2) — 3
2.6 CAc toan tir dya trén cau tric cua biéu thic

2.6.1 bBinh nghia toan tor CompleteSubExpression(u)

Mot biéu thirc con ddy da caa u 1a chinh né hoac 1a mét todn hang cua cac toan tir
trong u. Cho u 1a mét biéu thtc rut gon toan tr CompleteSubExpression(u) tra vé
mot danh séch cac biéu thirc con day di cua u.

Vidu: Cho u = sin(a) * (1 + b + ¢?)

CompleteSubExpression(u) — sin(a) * (1 + b + c¢?),sin(a), q,
1+b+c?%1,b,c?c2.

2.6.2 Binh nghia todn tir FreeOf (u, t)

Toan tir FreeOf (u, t) s& xac dinh néu biéu thirc u khdng phu thudc vao biéu thic ¢
(u khéng chua t).
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Cho u va t 1a c&c biéu thirc toan hoc. Toan tir FreeOf (u, t) tra vé false néu t 1a mot
biéu thirc con day du ctiia u va tra vé True néu t khong phai la biéu thic con day da cua

Uu.

Vi du:

FreeOf (a + b,b) — false,
FreeOf(a + b,c) — true,

FreeOf((a + b + ¢) * d,a + b) — true,

3 Thuat toan

3.1 Thuat toan toan hoc

Mot thuat toan toan hoc ndi chung la qua trinh timg budc dé giai quyét cac van dé
toan hoc, qua trinh nay co thé thyc hién bai cac chuong trinh may tinh.

Toan tir todn hoc trong thuét toan

C6 mot sb toan tir dugc sir dung trong cac thuat toan 1a:

Toan tir dai 6 : +, —,%,/,~ va !

Toan tr quan hé va toan tir logic: =, <=,>=, <, >, and, or, not, +.

Toan tur tap hop: U, N,~va e

Toén tir danh sach: First, Rest, Adjoin, Join

Toén tir cau trdc co ban: Kind, Operand, NumbeOfOpreand

Todn ta dua trén ciu tric: FreeOf,CompleteSubExpression, Substitute
Toan tir cau trdc cia da thic: Degree, Coef ficient

Toan tir thao tac dai s6 cua da thuc: Expand

Toan tir cau trdc caa biéu thac hitu ti: Numerator, Denominator

Toan ta Simplify

3.2 Thuat toan dé quy

Phan nay s& tim hiéu thuat toan dé quy duoc st dung nhu thé nao trong dai s6 may

tinh.

Dinh nghia dé quy cua toan tu giai thira nhur sau:

41 =

n'—{ 1, néun=0
T 1.2..(n-1).n, néun >0

V6i n=4 qua trinh tinh toan dua trén dinh nghia nay s& dién ra nhu sau:

4(31) = 4(3(21) = 4(3(2(1H)) = 4(3(2(1(01)))) = 4(3(2(1(1)))) = 24.
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e Sau day la thu tuc thuc hién thuat toan:

Procedure RecFact(n);
Input
n : 1a s6 nguyén khong am;
Output
n;
Local Variables f;
Begin
if n=0 then
f=1
else
f:=n=x* RecFact(n—1)
Return(f)
End

Hinh 3.1 Thuat toan dé quy tim giai thira cia mot s6 nguyén khoéng am
Véi n > 0 thi tuc s& goi chinh né dé thue hién mot phién ban don gian cua phép tinh.
Thu tuc goi chinh nd mét cach tryuc tiép hoic théng qua mot chudi cac thu tuc duoc goi
la thi tuc dé quy. Trudng hop n = 0 goi 1a diéu kién két thic caa thu tuc. Mdi tha tuc
dé quy phai c6 mét hoic nhiéu diéu kién két thuc.

3.3 Thu tuc dé quy

Phan nay s& dua ra mot s6 vi du minh hoa vé viéc str dung thuat toan dé quy trong
hé thong dai s6 may tinh.

3.3.1 Toan tor CompleteSubExpression

e Thu tuc dé quy thuc hién todn tr CompleteSubExpression

Procedure CompleteSubExpression(u);
Input
u : mét biéu thirc toan hoc;
Output
tap cac biéu thic con day du cua u;
Local Variables
S, I
Begin
iIf Kind(u) € {integer, ky hiéu} then
Return({u})
else
s:={u};
fori:=1to NumberOfOperands(u) do
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S:=s U CompleteSubExpression(Operand(u, i));
Return(s)

End

Hinh 3.2 Thu tuc thuc hién toan tir CompleteSubExpression

3.3.2Toan t FreeOf

e Thu tuc thuc thién toan tr FreeOf

Procedure FreeOf (u, t);
Input
u, t : 1a cac biéu thirc toan hoc;
Output
true hoac false;
Local Variables
i
Begin
if u=tthen
Return(false)
else if Kind(u) € {symbol, integer} then
Return(true)
else
i:=1;
while i < NumberOfOperands(u) do
if not FreeOf (Operand(u, i), t) then
Return(false);
=1+ 1;
Return(true)

End

Hinh 3.3 Thu tuc thuc hién toan tir FreeOf

4 ROt gon biéu thuc

Qua trinh rdt gon 12 mot phan caa qua trinh tinh toan gié tri dwoc dinh nghia nhu mot
tap hop céc phép bién ddi rat gon dai s6 va bién ddi lwgng giac ap dung cho biéu thirc

dai s6.

4.1 Céac phép bién doi sir dung trong qua trinh rat gon biéu thirc

Cac luat bién d6i trong qua trinh rit gon dugc xac dinh béi cac tién dé va nhitng hé
qua bién d6i logic cua cac tién dé. Phan nay s& trinh bay cac tién dé co ban va vai trd

cua chang trong qua trinh rat gon.
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Phép phan phéi: Trong rit gon phép phan phdi lién quan t6i viéc rt gon phan hé sé la
sO0 nguyén hoac phan so cua cac s6 hang trong mat tong.
Tinh chat phan phéi cé dang: (a + b) *c = a*c + bx*c
Phép két hop:
at+((b+c) = (a+b)+c
(axb)*xc=ax(b*c)

Tinh chat két hop lién quan t&i phép bién dbi 1am thay d6i cau tric cua biéu thac u
bang cac cach sau:

1. Giasirula mot tong. Néu s 12 toan hang caa u va ciing 1a mot tong thi toan tir cua
s s& bi loai bo khoi cay biéu thirc va s tra thanh toan hang chinh cia u. Phép
chuyén d6i nay s& duogc thyc hién trude phép phan phéi.

2. Gia st u la mot tich. Néu p 1a mét toan tir cta u va ciing 1a mot tich thi toan te
cua p s& bi loai bo khoi cay biéu thirc va p tro thanh toan hang chinh cua u. Phép
bién d6i s& duoc thuc hién trude khi bién d6i liy thira.

Phép giao hoan:
a+b=b+a
a*b=b=x*a

Phép giao hoan lién quan dén phép bién doi dya trén cac thudc tinh giao hoan cua
phép nhan va phép cong. Phép bién doi nay s& sap xép lai cac toan hang trong mét tong
hoac mét tich thanh dang chuan.

Bién d6i lity thira:

Céc phép bién doi sau s& dugc ap dung trong qué trinh rat gon.

uU * uW - uU+W
W) - v
(uxv)" > u"+v"

C4c phép bién ddi co ban khac:

MJi hiéu don phan duoc thay thé bai tich: —u = (=1) *u

MAi hiéu nhi phan duoc thay thé boitong: u — v = u + (=1) * v

Phép bién dbi thuong co ban: u/v = u * v
Cic phép ddng nhat co ban

Cac phép bién d6i co ban sau duoc ap dung trong qua trinh rit gon:
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u+0-u,
ux0 - 0,
uxl - u,

ow {0 néu w la s6 nguyén dwong hodc phan sé
Undefined trong cac trudng hop con lai

1V -1,
N { 1néuv #0
Undefined néuv =0
vl —v
u
6—> Undefined

0 { Onéuu =0
u (Undefined néuu =20

u

1
Cac biéu thirc sau khi rat gon phai thoa mén cac thudc tinh sau:
1. Mot téng khong thé c6 toan hang 0.
2. Mot tich khdng thé c6 toan hang 0 hoic 1.
3. Mot lity thira khong thé c6 co sé hodc s6 mii 1a 0 hoic 1.

Phép bién d6i don phan co ban: Cac phép bién d6i don phan sau duoc &p dung trong
qua trinh rat gon:

*X = X
+x - x

Phép bién d6i Undefined: Néu u 1a mét biéu thic phirc hop voi mot toan hang l1a ky
hiéu Undefined thi sé dugc rut gon thanh Undefined.

4.1.1 Biéu thtrc dai s6 co ban va biéu thuc dai s6 rat gon

Dinh nghia 4.1: Biéu thirc dai 56 co ban (Basic algebraic expression - BAE): u I
mot biéu thire dai s6 co ban néu théa mén mot trong so cac luat sau:
u 1a s6 nguyén.
u 1a phan sé.
u la mét ky hiéu.
u 12 mot tich ma cac toan hang 1 cac biéu thirc dai sé co ban.
u 12 mot tdng ma céc todn hang 1a cac biéu thire dai s6 co ban.
u 12 mot thuong ma hai toan hang 1a cac biéu thire dai s6 co ban.

o0k wbhRE
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7. u la hiéu don phan hodc nhi phan ma céc toan hang la c4c biéu thirc dai sé co
ban.

8. u 1a liiy thira véi hai toan hang l1a cac biéu thic dai sé co ban.

9. u la giai thira véi toan hang 1a biéu thire dai sé co ban.

10.u 1a mot ham ma céc toan hang 1a céc biéu thirc dai s6 co ban.

Pinh nghia 4.2: Biéu thic dai sé rat gen: Mot biéu thic rat gon u (Simplified
algebraic expression - SAE) dugc dinh nghia dé quy nhu sau:

1. u la mot mot s6 nguyen.

2. u la phan sb ¢ dang rat gon.

3. ulaky hiéu ngoai trir Undefined.

Luat sb 4 tiép theo s& dinh nghia dang rut gon ciia mot tich, trong dé st dung hai
toan tir base (u) va exponent (u) dé tim co s6 va sé6 mii caa mot biéu thac rat gon.

u néu u la mét ky hiéu, tich, tébng, giai thira, ham s6
base(u) = Operand(u, 1) néu u l[a mot lay thira
Undifined néu u la mot s6 nguyén hoac phan so

1 néu u la mot ky hiéu, tich, tong, giai thira, ham so
exponent(u) = Operand (u, 2) néu u la mot liy thira
Undifined néu u la mdt s6 nguyén hodc phan sé

4. u latich véi hai hodc nhiéu toan hang u,u, ... u,, théa man cac thuoc tinh sau:

a. MOi toan hang u; 13 mot biéu thirc dai s6 rat gon. N6 cd thé 1a mot sé nguyén
(khac 0 va 1), phan so, ky hiéu (khac undifined), tong, lily thira, giai thira hoac
ham (toan hang cua mot tich khong thé 1a mot tich).

b. Tbi da mot toan hang 1a hing sb (sé nguyén hoac phan sb).

c. Néui # jthi base(u;) # base(uj).

d. Néui < j thi u;<\w; (Toan tir < s& dugc néu ra ¢ Dinh nghia 4.3).

Lu4t sb 5 tiép theo md ta dang rit gon cua mét tong trong dé st dung hai toan tir
term(u) va const(u) dé xac dinh phan s hang va phan hang sé cua mot tich.

(* u néu u lamot ky hiéu, tich, tong, giai thlra, ham sé.
unéuu =u, .. u, vau, khong la hang so.
Uy .Uy NEUU = Uy ... Uy, 1A tich vA u; [A MmOt hang s6.
\ Undifined néu u la mdt s6 nguyén hodc phan sé.

term(u) = A«

(1 néuulamot ky hiéu, tich, tdng, giai thira, ham s6
const(u) = {u; néuu = u, .. u, latichvau, ..u, khong [a hang sd
L 1 néu u la mot s6 nguyén hoac phin so

5. u la mot tdng cua 2 hoic nhiéu toan hang uy, u,, ..., u,, théa man mot trong cac
thudc tinh sau:
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a. MOi toan hang cua u; 1a mot biéu thie dai s6 rat gon cé thé 1a s6 nguyén
khac 0, phan s, ky hiéu (khac undefined), tich, liy thira, giai thira hoic
ham sd.

b. Nhiéu nhat mot toan hang cua u 1a hang sé.

c. Néui # jthi term(u;) # term (u;).

d. i < jthiy<uy;.

6. ulaliy thua v" thoa man:

a. v vaw lacéc biéu thuc dai sé rit gon.

b. S6 mii w khac 0 va 1.

c. Néu w la s6 nguyén thi co s6 v 1a mot biéu thirc dai sé rat gon (ky hiéu,
tong, giai thira, hodc ham sb).

d. Néu w khdng la sé nguyén thi co sé v 1a bat ky biéu thic dai s6 rat gon
nao khac 0 va 1.

7. u la giai thira v6i mot toan hang 1a mot biéu thire dai sb rut gon bat ky ngoai trir
s6 nguyén am.
8. u la mot ham vai mot hodc nhiéu todn hang 1a cac biéu thice dai s6 rat gon.

Pinh nghia 4.3: Quan hé tht tu gitra cac todn hang trong moét toan tu

Quan hé thir tur dinh nghia hanh déng cta phép giao hoan trong qua trinh rdt gon
t6ng hoac tich cua biéu thirc, cac toan hang s& duoc sap xép thdng qua cac quan hé nay.
Do toan hang cuia cac biéu thirc dugc rit gon dé quy nén quan hé thix ty gitra chiing dugc
xac dinh theo céc luat dudi day:

C6 u va v 12 hai biéu thuc dai sé rat gon khac nhau. Quan hé thi ty gitra hai biéu
thac dugc ky hiéu la ‘<’ va dugce dinh nghia boi céc luat sau [13]:

1. Gia siru va v la hai hang sé (s6 nguyén hozc phan sé)
udv-u<v
2. Gia stiru va v la hai ky hiéu thi thir tu dugc xac dinh theo thir tu bang chit céi.
3. Giasir ca u va v la tich hogc ca hai 1a tong véi cac toan hang
Uy, Uy, weey Uy VA Uy, Uy, oan, Uy
e Néuu,, # v,thiudv - u,<v,
e Néu c6 mot sé nguyén k véi 1 < k <min({m,n}) —1 Va ugy_j) =
Vin-jy J = 0,1,..k = 1Vaugy_k) # V- th
u<n - Upn-k) < Vin-k)
e Néu Um—k) = Vn-k) VoI k = 0,1,...,min({m,n}) — 1 thi
u<n - m < n(viuvav lacac biéu thic dai sé rit gon nén thoa man
w;<lu; vav;<v; voii <j)
4. Giasuuvavla?2lay thua
e Néu base(u) # base(v) thi
u v - base(u) <base(v)
e Néu base(uw) = base(v) thi
u v - exponent(u) <l exponent(v)
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NoGi cac khac néu co sb khac nhau thi thir te s& phu thude vao co sb. Néu
co s6 bang nhau thi tha tu phu thudc vao sé mii.
5. Néu u va v cung la giai thura thi:
u<v - Operand(u,1) < Operand(v, 1)
6. Giasuuvav lacac ham:
e NéuKind(w) # Kind(w) thhu<<v - Kind(u) <Kind(v)
e Néu Kind(u) = Kind(v) va cac toan hang cua hai ham sé lan luot 1a
Up Uy oo Uy VAV, Uy o Uy
o Néuu, #u, thi u<v - u;<u,
o Néu c6 mot so nguyén k véi 1 < k < min({m,n}) véi u; = v;
j=1,.., k—1vau, # v, thiulv -y, v,
oNéuw, =v, V6il <k <min(fmn)thiudv ->m<n

Khi hai ham c6 tén khac nhau thi thir tu xac dinh béi tén ham. Cach so sanh tén
ham twong tu o sanh hai tich hoic hai tong

7. Néu u 1a mot sé nguyén hodc mot phan sé va v 1a cac kiéu con lai thi u v
8. Giastru la mét tich. Néu v 1a lay thira, tong, giai thira, ham so6, hoac symbol thi:

udv-»> udv

NGi cach khac thi luat nay s& duoc xac dinh bang cach xem ca hai biéu thic nhu
a tich va &p dung luat sé 3.

9. Gia st u la lity thira. Néu v 1a mét tong, giai thira, ham sé hodc symbol thi thi:
udv - udv!
10. Gia str u 1a mot tong. Néu v 1a liiy thira, ham sé hoac symbol thi:
udv ->u<+v
11. Gia str u 1a mot giai thira. Néu v 1a ham sé hoac symbol thi:
e Néu Operand(u,1) = vthiu<v - false
e NéuOperand(u) #vthiudv - u<v!
12. Gia str u 1a mot ham s6 va v 1a symbol:
e NéuKind(u) = vthiuv - false
e NéuKind(w) #vthiudv - Kind(w)<lv

13. Néu u va v khong thoa man hét cac trudong hop trén thi: u v — not(v < u)

4.1.2 Thé hién cua biéu thirc dai s6 co ban
Lop AnyNode
Lop AnyNode duoc thiét ké dya trén ly thuyét vé cay biéu thic

e Cac thudc tinh:

| key : int | Toan tir cua niit
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leaf : ArrayList<AnyNode>

Cac toan hang cua nat

value : int

Gia tri cua nut

name : String

Tén nut

Bang 4.1 Céc thudc tinh cua l6p AnyNode

e Cac phuong thirc chinh:

nop() Tra vé sb luogng toan tir cua nit
operand(int) Tra vé toan hang thi i cua nat

numerator () Tra vé tir s6 ciia nat (néu nat 1 s6 nguyén)
denominator() Tra vé mau cta ndt (néu nit 1a s6 nguyén)
base() Tra vé co so caa nat

exponent() Tra vé s6 mil cta n(t

term() Tra vé phan s6 hang cua nt

constant() Tra vé phan hang s6 cta nit
kind(AnyNode) Tra vé loai cta nit

compare(AnyNode) Toan tir so sénh thir ty cta hai nat
equal(AnyNode) Tra vé true néu hai ndt gibng nhau va

nguoc lai tra vé false

substitute(AnyNode, AnyNode)

Phuong thic thay thé

Bang 4.2 Cac phuong thic chinh cua l6p AnyNode

Lop Bae

Lép Bae 1a 16p duoc thiét ké dua trén cac dic diém cua biéu thirc dai s co ban.

e Cac thudc tinh:

list : ArrayList<AnyNode>

node : AnyNode

NGt gbc cua cay

Bang 4.3 Céc thudc tinh cua 16p Bae

e Cac phuong thuc:

Bae()

Ham khai tao khong tham s6

Bae(ExpressionProgram)

Ham khai tao véi tham so 1a mot biéu thire duoc luu
trir dudi dang mang

Bae(String)

Ham khai tao véi tham so 1a mot chudi ky tu

createBae(ExpressionProgram)

Ham tao ra ndt goc cua cay biéu thic

Bang 4.4 Cac phuong thic chinh cua l6p BAE

Phuong thuc createBae(ExpressionProgram) c6 tham sé dau vao 1a mot déi twong
ExpressionProgram, ExpressionProgram sé& phan tich dé tao ra mot biéu thuc dai s6 co
ban sau d6 duoc xir Iy bang thuat toan rat gon thanh biéu thie rat gon.

private void createBae (ExpressionProgram exprog) {
int length = exprog.progCt;
for (int i = 0; 1 < length; i++) {
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if (exprog.progl[i] >= 0) {
if (exprog.prog[i] < CEILING) {
// node la so nguyen
AnyNode temp = new AnyNode (0, (int)
exprog.constant [exprog.prog[i]]);
list.add(temp) ;
} else {
String name = "" + exprog.command[exprog.prog[i]
- CEILING];
list.add (new AnyNode (CEILING, name));
}
} else {
AnyNode temp = new AnyNode() ;
temp = determineAnyNode (exprog.prog[i]);
temp.sort () ;
list.add (temp) ;

}
node = Simplify.simplify(list.get(0));
list.clear();

Hinh 4.1 Phuong thuc tao nit goc cua 16p Bae.

4.2 Thuat toan rat gon

Thuat toan rat gon duoc thuc hién dua trén cac phép bién ddi co ban va cac dinh

nghia d4 néu & cac phan trudce. Thuat todn bao gom cac budc sau:

1. Néu u 1a mot biéu thuc dai s6 co ban thuat toan sé tra vé mot biéu thac dai s rat

gon.
2. Néu u 1a mot biéu thirc dai sb rat gon thi thuat toan tra ra u.

4.2.1 Tha tuc rat gon chinh

Procedure Simplify(u);
Input
u: a la mot biéu thire dai s6 co ban dudi dang ky hiéu;
Output
Mét biéu thire dai s6 rit gon dudi dang Ky hiéu ham hoac
1 biéu tuong Undefined
Local Variables
v,
Begin
If (Kind(u) = integer or Kind(u) = symbol) then
Return(u);
else if (Kind(u) = FracOp) then
Return(Simplif yRationalNumber(u))
else
v = Map(Simplify, u);
if (Kind(v) = PowOp) then
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Return(SimplifyPower(v))
else if (Kind(v) = ProdOp) then
Return(SimplifyProduct(v))
else if (Kind(v) = SumOp) then
Return(SimplifySum(v))
else if (Kind(v) = FactOp) then
Return(SimplifyFactorial(v))
else
Return(Simplif yFunction(v))
End

Hinh 4.2 Thu tuc rat gon chinh
Toan tir Map s& dugc trinh bay trong phan Phu luc 1
4.2.2 Rt gon biéu thie s6 hitu ti

Thuat toan trong Hinh 4.3 st dung dé tinh toan biéu thirc s6 hoc vai sé nguyén va
phan so. Pau vao cua thuat toan duoc md ta trong Pinh nghia 4.4 duéi day.

Pinh nghia 4.4: Mot biéu thic dai s6 u 1a mot biéu thuc sé hitu ti néu:

=

u 1a s6 nguyén.

u 1a phan sé.

u 12 téng nhi phan ma cac toan hang la cac biéu thirc s6 hitu ti.

u la tich véi céc toan hang la cac biéu thirc sb hitu ti.

. u la Ity thira véi co s 1a biéu thirc s6 hiru ti va sé mil 1a mot s6 nguyén.

oA W

Pé thuan tién cho viéc trinh bay thu tuc rit gon thi cac toan tir dai s6 va toan tir phan
s6 s& dugc thay thé bang dang ky hiéu ham. Mdi toan tir trung té s& duoc thay boi tén
Vva cac todn hang tuong @ng, mdi tén s& duoc thém hau t6 Op (viét tat cua Operator).
Toan tir DenominatorFun(u) va NumeratorFun(u) s& tra vé mau s6 va tir s cia u.

e Thu tuc thuc hién toan tu SimplifyRNE

Procedure Simplif yRNE (u);
Input

u : 1a mét biéu thac sb hiu ti;
Output

la mot s6 nguy@n, mot phan sé dang chuan hozc ky hiéu Undefined;
Local Variables

Vv, W;
Begin

If Kind(u) = integer then Return(u)

else if Kind(u) = FracOp then

return SimplifyRationalNumber(u);
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else NumberOfOperands(u)=2 then
V= Simplif yRNE (Operand(u, 1));
w = Simplif yRNE (Operand(u, 2));
if v = Undefined or w = Undefined then
return Undefined;
else if Kind(u) = ProdOp then
return EvaluateProduct(v,w);
else if Kind(u) = SumOp then
return EvaluateSum(v,w);
elseif Kind(u) = PowOp then
return EvaluatePower (U);

End

Hinh 4.3 Thu tuc thyc hién toan tic Simplif yRNE

Céc thu tuc EvaluateProduct, EvaluateSum, EvaluatePower & duoc trinh bay
trong phan Phu luc 3, Phu luc 4, Phu luc 5.

4.2.3 Rut gon lity thira

Toan tir Simplif yPower s& bién dbi v™ thanh biéu thire dai s6 rat gon hoac ky hiéu
Undefined.

binh nghia 4.5: u = v" vay co sé6 v = Operand(u,1) va liy thra w =
Operand(u,2) la cac biéu thuc dai so rat gon r)oéc ky hiéu undefined. Toan tir
SimplifyPower(u) dinh nghia bai cdc luat bién doi sau:
1. Néuv = undefined hoic w = undefined thi:
SimplifyPower(u) — undefined
2. Giastv=0
e Néu w la s6 nguyén duong hoic 1a phan sé thi:
SimplifyPower(u) = 0
e Trong cac truong hgp khéc thi:
SimplifyPower(u) — undefined
3. Néuv =1thi
SimplifyPower(u) - 1
4. Néuw la mot sé nguyén thi:
SimplifyPower(u) — SimplifylntegerPower(v,w)
(Toan tir SimplifyIntegerPower dugc néu ra & Pinh nghia 4.6)
5. Néu cac luat trén khong duoc ap dung thi
SimplifyPower(u) - u

Pinh nghia 4.6: v™ véi v khéac 0 va 1a biéu thire dai s6 rat gon, n 1a mot s6 nguyén.
Toan ta SimplifyIntegerPower (v, n) dugc dinh nghia bai cac luat sau:

1. Néu Kind(v) 1a sb nguyén hozc phan sé thi:
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SimplifyintegerPower(v,n) — SimplifyRNE(PowOp(v,n)).

2. Néu n bang 0 thi SimplifyIntegerPower(v,n) — 1
Néu n bang 1 thi SimplifyIntegerPower(v,n) — v
4. Gia st Kind(v) = PowOp Véi co s6 r = Operand (v, 1) va lily thira

w

s = Operand (v, 2) khi d6 cho p = SimplifyProduct(ProdOp(s,n))

e Néu p la sé nguyén thi:
SimplifyintegerPower(v,n) — SimplifyintegerPower(r,p)
e Néu p khong la s6 nguyén
SimplifyintegerPower(v,n) — PowOp(r,p)
5. Gia st rang Kind(v) = ProdOp va
r = Map(SimplifyintegerPower,v,n) thi:
SimplifyintegerPower(v,n) — Simplif yProduct ().

Luat nay ap dung khi v 1a mot tich (toan tir Map s& duoc trinh bay trong phan Phu
luc 1)

6. Néu khong c6 luat nao dugc ap dung thi:

SimplifyintegerPower(v,n) - PowOp(v,n)
4.2.4 Rt gon tich

Toan tr SimplifyProduct s& bién d6i mot tich thanh mot biéu thire dai s6 rat gon
hodc ky hiéu Undefined duya trén cac phép bién doi sau: bién d6i két hop, giao hoan,
bién d6i liy thira, tinh dong nhét, phép bién doi nhi phan, bién ddi co sd, bién d6i vé
Undefined

Pinh nghia 4.7: Cho u la mot tich véi mot hogc nhiéu todn hang Ia cc biéu thic
dai so rat gon, cho L = [uy,uy,...,u,] 1&a mot danh séch cac toan hang cua u. Toan tu
SimplifyProduct (u) duoc dinh nghia bai cac luat sau:

1. Néu Undefined € L thi: SimplifyProduct(u) — Undefined

2. Néu 0 € L thi: SimplifyProduct (u) — 0

3. Néu L = [u,] thi : SimplifyProduct (u) - u,

4. Gia sir rang ba luat trén khdng &p dung thi cho : v = SimplifyProductRec(L)

Trong d6 toan tir SimplifyProductRec (Pinh nghia 4.8) tra vé mot danh sach
khong c6 hoic c6 nhiéu toan hang va néu v ¢6 hai hoic nhiéu toan hang thi phai thoa
man luat sb 4 trong Dinh nghia 4.2. C6 ba trudng hop nhu sau:

e Néuwv=[v]thi
Simplif yProduct (u) - v,
e Néuv = [Vi,Vg,..., V5] VOI 2 < s thi:

SimplifyProduct (u) - Construct(*,v)
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e Néuv =[] thi
SimplifyProduct (u) - 1
(Chay: Toan tir Construct dugc mo ta ¢ Phu luc 2).

Pinh nghia 4.8: Cho L = [uy,u,,...,u,] 1a mot danh sach khéng rong véi n > 2.
Toén tr SimplifyProductRec(L) tra vé mot danh sdch gom khéng hoac nhiéu toan
hang. Toén tir trén dinh nghia boi cac luat sau:

1. Giastrrang L = [uy,u,] va khéng cé toan hang nao Ia tich.
1.1. Gia sir rang ca hai toan hang la hing sb va

P = Simplif yRNE (ProdOp(u4,u,))

o Néu P = 1 thi SimplifyProductRec(L)) — []

o Néu P # 1 thi SimplifyProductRec(L) — [P]
1.2. Néu u, = 1 thi: SimplifyProductRec(L) — [u,]
1.3. Néu u, = 1 thi: SimplifyProductRec(L) — [u,]
1.4. Gia sir rang base(u,) = base(u,) va cho

S = Simplif ySum(SumOp(exponent(u,), exponent(u,)))
Va P = SimlifyPower(PowOp(base(u,),S))

o Néu P = 1 thi SimplifyProductRec(L) ) - []
o Néu P # 1 thi SimplifyProductRec(L) — [P]

(Toan tir SimplifySum s& dugc trinh bay & phan 4.2.5)

1.5. Néu u, < u, thi:
SimplifyProductRec(L) — [u,, u4]
1.6. Néu nam luat trén khong thé ap dung thi:
SimplifyProductRec(L) — [L]
2. Giasir L = [uy,u,] trong d6 it nhat mot toan hang la mot tich
2.1. Néu u, 12 mot tich vai cac toan hang py, ps...., ps Va u, 1a mot tich véi céc toan
hang g1, qz,--., q¢ thi:

Simplif yProductRec(L) - MergeProducts([p1, P2 ---»Ps) [91, 92>+ > q¢c])
(MergeProducts dugc néu ra ¢ Binh nghia 4.9)
2.2. Néu u, la tich véi cac toan hang py, p,, ..., ps Va u, khong la tich thi:
SimplifyProductRec(L) —» MergeProducts([p1, P2, ---,Ps), [U2])
2.3. Néu u, 1a tich véi céc toan hang g, q,, ..., g, va u, khong la tich thi:
SimplifyProductRec(L) —» MergeProducts([u4], (491,92 ---,9:])

3. Giast L = [ug,uy,...,u,] Voin > 2vaw = Simplif yProductRec(Rest(L))
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3.1. Néu u, la tich véi cac toan hang py, p,, . .., ps thi:
SimplifyProductRec(L) — MergeProducts([p1,P2,---,Ps], W)
3.2. Néu u, khdng la tich thi:
SimplifyProductRec(L) — MergeProducts(([u,],w)

Pinh nghia 4.9: Cho p va q 1a cac danh sach cua khdng hoic nhiéu nhan tir da duoc
sap xep theo thir ty <I. Néu p hoac g ¢6 hai hodc nhiéu toan hang thi cac toén hang nay
thoa maén luat so 4 trong Dinh nghia 4.2. Toan to MergeProducts(p, q) dugc dinh
nghia boi cac luat sau:

1. Néug = [] thi MergeProducts(p,q) — p

2. Néup = [] thi MergeProducts(p,q) — q

3. Gia su p va g la cac danh sach khong rong, p, = First(p) va q, = First(q).

h = SimplifyProductRec([p1,q1])

C6 4 kha ning co thé say ra:
3.1. Néuh =[] thi:
MergeProducts(p,q) — MergeProducts(Rest(p), Rest(q))

3.2.  Néuh = [h,] thi:
MergeProducts(p,q) — Adjoin(h,, MergeProducts(Rest(p), Rest(q)))
3.3.  Néuh = [py,q,] thi:

MergeProducts(p,q) — Adjoin(p,, MergeProducts(Rest(p),q))
3.4. Néuh=[qq,p,] thi:

MergeProducts(p,q) — Adjoin(q,, MergeProducts(p, Rest(q)))

4.2.5 Rt gon tong

Toan tir SimplifySum s& bién d6i mot tong thanh mot biéu thie dai s6 rat gon hoic
ky hi¢u Undefined.

Pinh nghia 4.10: Cho u 1a mot tong c6 danh séch cac toan hang L = [uy, us, ..., uy,]
la cac biéu thire dai so rat gon. Rut gon tong u dugc dinh nghia boi cac luat sau:

1. Néu Undefined € L thi:
SimplifySum(u) - Undefined
2. Néu L = [u,] thi:
SimplifySum(u) - [u4]
3. Gia st 2 luat trén khdng thé 4p dung thi :
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v = SimplifySumRec(L)
(SimplifySumRec dugc néu ra & Pinh nghia 4.11)

3.1. Néuv = [v,] thi:
SimplifySumRec(L) - v,
3.2. Néuv = [vy,v,,...,v,] thi:
SimplifySumRec(L) = Construct(+,v)
3.3. Néuv =[] thi:
SimplifySumRec(L) — |[]

(Cha y: Toéan tir Construct duwgc mo ta ¢ Phu luc 2).

Dinh nghia 4.11: Cho L = [u;,u,,..., u,] 1a mot danh sach khong rong véin > 2.
Toén tir SimplifySumRec(L) tra vé mot danh sdch gom khéng hoac nhiéu toan hang.
Toén tir trén dinh nghia boi cac luat sau:

1. Giasu L = [uy,u,] va ca hai khong la tong

1.1. Cahailahingsévap = SimplifyRNE (uy,u,)
o Néu p = 0 thi SimplifySumRec(L) - []
Néu p # 0 thi SimplifySumRec(L) - [p]
1.2, Néuu, = 0 thi SimplifySumRec(L) — [u,]
1.3.  Néuu, = 0 thi SimplifySumRec(L) — [u,]
1.4.  Néuterm(u,) = term(u,)
va s = Simplif yRNE (const(u,), const(u,))
o Néus = 0 thi SimplifySumRec(L) - []
o Néus # 0 thi SimplifySumRec(L) - [s * term(u,)]
1.5.  Néuu, <u, thi: SimplifySumRec(L) = [u,,u,]
1.6.  Néu nam luat trén khong ap dung thi: SimplifySumRec(L) - L
2. Gia st L = [uy,u,] va it nhat mot trong hai 1a tong
2.1. Cahaiu, vau, laténg. C4c toan hang cua u, 1a p;, p,, ..., ps Va C4c toan
hang cia u, 1a q4,92,...,9:

SimplifySumRec(L) - MergeSums([p1, P2 ---»Ps), [41, 92, --+» Qt])
2.2, u,; laténgvau, khong latong
SimplifySumRec(L) - MergeSums([py,P2,---,Ps), [U2])
2.3.  u, latong va u, khéng la téng
SimplifySumRec(L) - MergeSums([u.],[q1,92,---,9¢])

Pinh nghia 4.12: Cho p va q 1a c4c danh séch cua khdng hoic nhiéu toan hang da
duoc sip xép theo thir tw <. Néu p hoic g c6 hai hodc nhiéu toan hang thi cac toan hang
nay thoéa man luat sé 4 trong Pinh nghia 4.2. Toan tir MergeSums(p, q) dugc dinh
nghia boi cac luat sau:
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. Néup = [] thi MergeSums(p,q) - q
. Néu q = [] thi MergeSums(p,q) — p
. Néu p va q déu khac rong va p, = First(p), q, = First(q),

h = SimplifySumRec([ p1,q1])

3.1. Néuh =[] thi:
MergeSums(p,q) = MergeSums(Rest(p), Rest(q))
3.2.  Néuh = [h,] thi:
MergeSums(p, q) = Adjoin(h,, MergeSums(Rest(p), Rest(q)))

3.3. Néuh = [py,q,] thi:

MergeSums(p,q) — Adjoin(p,, MergeSums(Rest(p),q))
3.4. Néuh = [q4,p,] thi:

MergeSums(p,q) — Adjoin(q,, MergeSums(p, Rest(q)))

4.3 Thé hién cua thuat toan rut gon

Lép Simplify dugc thiét ké bao gom cac phuong thuc tinh st dung dé rat gon

biéu thuc.

4.3.1 Phuong thire rat gon biéu thic sé hitu ti

Phuong thuc simplif yRNE dugc thiét ké dya trén cac dinh nghia va cac thi tuc

gia ma duoc néu & 4.2.2 nham muc dich rat bon hiéu thic sé hitu ti.

e Phuong thuc simplif yRNE

public static AnyNode simplifyRNE (AnyNode anyNode) {

if (anyNode.getKey() == 0) // node la so nguyen
return anyNode;
else if (anyNode.getKey() == -37) { // node la phan so
return simplifyRationalNumber (anyNode) ;
} else if (anyNode.nop() == 2) { // node la bieu thuc so huu ti

AnyNode v = simplifyRNE (anyNode.operand(1l));
AnyNode w = simplifyRNE (anyNode.operand(2));

if (v.getKey() == -38 || w.getKey() == -38) {
return new AnyNode (-38) ;

} else if (anyNode.getKey() == -5) { // node la luy thua
return evaluatePower (v, w);

} else if (anyNode.getKey() == -3) { // node la tich
return evaluateProduct (v, w);

} else if (anyNode.getKey() == -1) { // node la mot tong

return evaluateSum(v, w);

}
}

return anyNode;

Hinh 4.4 Phuong thuc simplif yRNE
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Céc phuong thuc simplifyRationalNumber, evaluateProduct, evaluateSum
va evaluatePower duogc trinh bay trong Phu luc 18, Phu luc 6, Phu luc 7, Phu luc 8.

4.3.2 Phuong thuc rut gon liy thtra

Phuong thirc simplif yPower dugc thiét ké dya trén cac dinh nghia di dwoc néu &
4.2.2 dé rat gon biéu thuc lity thira.

e Phuong thuc simplif yPower

private static AnyNode simplifyPower (AnyNode anyNode) {
AnyNode base = anyNode.leaf.get(0); // co so
AnyNode exponent = anyNode.leaf.get(l); // so mu

if (base.getKey() == -38 || exponent.getKey () == -38)
return new AnyNode (-38);

else if (base.getValue() == 0 && base.getKey() == 0)// co so bang 0
return new AnyNode (0, 0);

else if (base.getValue() == 1 && base.getKey() == 0)// co so bang 1
return new AnyNode (0, 1);

else if (exponent.getKey() == 0) // neu so mu la so nguyen

return simplifyIntegerPower (anyNode) ;
else
return anyNode;

Hinh 4.5 Phuong thic simplif yPower
Phuong thirc simplifyIntegerPower dugc trinh bay trong Phu luc 9.

4.3.3 Phuong thurc rut gon tich

Phuong thic simplifyProduct dugc thiét ké dua trén cac dinh nghia da dugc
néu & 4.2.4 dé rGt gon maot tich.

e Phuong thtc simplif yProduct

private static AnyNode simplifyProduct (AnyNode anyNode) {
if (anyNode.nop () == 1)
return anyNode.operand(1l);
for (int 1 = 1; 1 <= anyNode.nop(); i++) {
if (anyNode.operand(i) .getKey() == -38) {
return new AnyNode (-38);
} else if (anyNode.operand (i) .getValue() ==
&& anyNode.operand (i) .getKey () == 0) {
return new AnyNode (0, 0);

}
ArraylList<AnyNode> temp = simplifyProductRec (anyNode.leaf);
if (temp == null || temp.size() == 0)
return new AnyNode (0, 1);
else if (temp.size() == 1)
return temp.get (0);
else {
anyNode.leaf = temp;
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return anyNode;

Hinh 4.6 Phuong thic simplif yProduct

Cac phuong thirc simplif yProductRec va mergeProducts dugc trinh bay trong
Phu luc 10, Phu luc 11.

4.3.4 Phuong thirc rit gon tong

Phuong thirc simplifySum dugc thiét ké dia trén cac dinh nghia da duoc néu ¢
4.2.5 @& rat gon mot tong.

e Phuong thuc simplifySum

private static AnyNode simplifySum(AnyNode anyNode) {
if (anyNode.nop() == 1)
return anyNode.operand(1l);
for (int i = 0; i < anyNode.nop(); i++) {
if (anyNode.operand (i + 1).getKey() == -38)
return new AnyNode (-38);

}
ArrayList<AnyNode> temp = simplifySumRec (anyNode.leaf);

if (temp == null || temp.size() == 0)
return new AnyNode (0, 0);

else if (temp.size() == 1)
return temp.get (0);

else {

anyNode.leaf = temp;
return anyNode;

Hinh 4.7 Phuong thac simplif ySum

Cac phuong thirc simplif ySumRec va mergeSums duogc trinh bay trong Phu luc
12, Phu luc 13.

4.3.5 Phuong thic rut gon chinh

Phuong thic Simplify 1a phwong thic chinh str dung dé rt gon biéu thirc co
ban vé dang biéu thic rit gon.

public static AnyNode simplify (AnyNode anyNode) {

if (anyNode.getKey () == | | anyNode.getKey () == CEILING) {
return anyNode;

} else if (anyNode.getKey () == -37) {
return simplifyRationalNumber (anyNode) ;

} else ({

AnyNode temp = new AnyNode (anyNode.getKey(),
anyNode.getName () ) ;
for (int 1 = 0; 1 < anyNode.nop(); i++) {
AnyNode templeaf = simplify(anyNode.operand(i + 1));
temp.leaf.add(templLeaf);

}
if (temp.getKey() == -5)
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return simplifyPower (temp) ;
else if (temp.getKey() == -3)
return simplifyProduct (temp) ;
else if (temp.getKey () == -1)
return simplifySum(temp);
else if (temp.getKey () == -16)
return simplifyFactorial (temp);
else if (temp.getKey () <= -17 && temp.getKey() >= -22)
return simplifyTrigonometry (temp) ;

else if (temp.getKey() == -28)
return simplifyExp(temp);
else if (temp.getKey () == -29)

return simplifyLn(temp);

else if (temp.getKey () < -22 && temp.getKey() >= -36)
return temp;

return anyNode;

Hinh 4.8 Phuong thic Simplify
Phuong thirc simplifyFactorial dugc trinh bay trong Phu luc 16.

5 CAau tric cua da thic va biéu thac hitu ti

Phan nay cua luan vin mo ta cau tric da thic va cau trdc hitu ti cia mot biéu thic
dai s6. Phan da thirc c6 mot sé dinh nghia téng quat vé da thirc mot bién (5.1), da thirc
nhiéu bién (5.2) va da thtic tong quat (5.3). Mdi dinh nghia s& ¢ céc thu tuc dé xac dinh
C4u truc da thic cua mot biéu thie. Phan cudi cung (5.4) s& mé ta cau tric hitu ti coa
mot biéu thic dai s6 va mot thuat toan bién doi biéu thuc vé dang hitu ti.

5.1 Pa thirc mot bién

5.1.1 Phén tich

Pinh nghia 5.1: (Pinh nghia toan hoc) u 1a da thirc mét bién x 1a mot biéu thic ¢6
dang:

U= UpX™ + Uy x4+ uyx +ug

V6i hé s6 u; 1a s hitu ti va n 1a mot sé nguyén khong am. Néu u,, # 0 thi u,, goi 1a hé
sb dau tién caa u va n 1a bac cua u. Biéu thirc u = 0 goi la da thic 0, nd ¢6 hé sé dau
tién bang 0 va bac duoc quy udc 1a —oo . Hé s6 dau tién twong wng Véi Ic(u, x) va bac
tuong tng deg(u, x). Khi bién x duoc hiéu la hién nhién thi c6 thé dang ky hiéu lc(w)
vadeg(u).

Vidu:u = 3x°+ 2x*— 5/2, deg(u) = 6,lc(u) =3

Dinh nghia 5.2: M6t don thirc mét bién x 1a mot bicu thac dai s6 u théa man mot
trong céac tinh chat sau:

1. u 1a mot sé nguyén hoic phan sb.
2. u = Xx.
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3. u = x™ véinlasdnguyénvan > 1.
4. u la mét tich voi hai ton hang thoa man cac tinh chat 1, 2, 3.

Pinh nghia 5.3: Mot da thac mot bién x 12 mot biéu thirc théa man mot trong céc
tinh chat sau:

1. u 1a mot don thirc mot bién x.

2. u la mot tdng va mdi toan hang trong u 1a mot don thic mot bién x.
CA&c toan tir co' ban cia da thic mat bién

Pinh nghia 5.4: Cho u 12 mét biéu thie dai 56

e Toan tor MonomialSV (u, x) tra vé true néu u 12 mot don thic mot bién x va
tra vé false néu nguoc lai.

e Toan tir PolynomialSV (u, x) tra vé true néu u 1a mot da thicc mot bién x va
tra vé false néu nguoc lai.

Gia ma cac tha tuc thuc hién hai toan tir:

e MonomialSV

Procedure MonomialSV (u, x)
Input
u : 1a mot biéu thuc dai so;
x : 1a mot bién:
Output
true or false;
Local Variables
base, exponent;
Begin
iIf Kind (u) € {integer, fraction} then
Return(true);
else if u = x then
Return(true);
else if Kind (u)=" A" then
base := Operand(u, 1);
exponent := Operand(u, 2);
if (base = x and Kind (exponent) = integer
and exponent > 1) then
Return(true);
else if (Kind(u)="* ") then
Return(NumberOfOperands(u)=2 and
MonomialSV (Operand(u, 1), X)
and MonomialSV (Operand(u, 2), X));

Return(false);
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End

Hinh 5.1 Thu tyc thuc hién toan tt MonomialSV
e PolynomialSV

Procedure PolynomialSV (u, X);
Input
u : 1a mét biéu thuc dai sé;
x : 1a mét bién;
Output
true or false;
Local Variables i;
Begin
if MonomialSV (u, X) then
Return(true);
else if Kind (u)="+" then
fori:=1to NumberOfOperands(u) do
if MonomialSV (Operand (u, i), x)= false then
Return(false);
Return(true);
Return(false);

End

Hinh 5.2 Thu tuc thuc hién toan tir PolynomialSV
Toan tir DegreeSV

Pinh nghia 5.5: Cho u 1a mét biéu thirc dai s6. Néu u 1a mot da thirc mot bién x thi
DegreeSV (u, x) s€ tra vé bac cua u theo bien x. Néu u khong 1a da thirc theo bién x thi
toan tir tra vé ky hiéu Undefined.

Vi du:
DegreeSV(3x* + 4x + 5,x) - 2,
DegreeSV (2x3,x) — 3,
DegreeSV((x + 1)(x + 3),x) — Undefined,
DegreeSV(3,x) —» 0

e Thu tuc thyc hién toan tir DegreeMonomialSV (u, x) s& tra vé bac cua don thuc
u theo bién x

Procedure DegreeMonomialSV (u, x);
Input

u : 1a mét biéu thuc dai sé;

x : 1a mot bién:
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Output

Bac cua u theo x hoac ky hiéu Undefined;
Local Variables

base, exponent, s, t;

Begin
if u=0 then
Return(Undefined)
else if Kind(u) € {integer,fraction} then
Return(0);
else if u = x then
Return(1);

Else if Kind (u)="A" then
base := Operand(u, 1);
exponent := Operand(u, 2);
If base = x and Kind(exponent) = integer and exponent > 1 then
Return(exponent);
elseif Kind(u)="*  then
iIf NumberOfOperands(u)=2 then
s := DegreeMonomialSV (Operand(u, 1), x);
t:= DegreeMonomialSV (Operand(u, 2), x);
if s=Undefined and t # Undefined then
Return(t);
Return(Undefined);
End

Hinh 5.3 Thu tuc thyuc thyc hién toan tc DegreeMonomialSV
e Thu tuc thuc hién toan tic DegreeSV (u, x)

Procedure DegreeSV (u, X);
Input
u : 1a mét biéu thuc dai sé;
X : ky hiéu;
Output
bac cua u theo bién hoic ky hiéu undefined:;
Local Variables
d, i, f;
Begin
d := DegreeMonomialSV (u, X);
iIf d # Undefined then
Return(d);
elseif Kind (u)="+" then
d:=0;
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fori:=1to NumberOfOperands(u) do

f:= DegreeMonomialSV (Operand(u, i), X);

if f = Undefined then
Return(Undefined);

else
d:= Max({d, f})
Return(d);

Return(Undefined);

End

Hinh 5.4 Thu tuc thuc thuc hién toan tae DegreeSV
Toan tir CoefficientSV

Pinh nghia 5.6: Cho u 1a mét biéu thic dai s6. Néu u 1a mot da thirc mot bién x,
toan tr CoefficientSV (u,x,j) tra vé hé sb u; cua x/. Néuj > deg(u,x) thi
CoefficientSV tra vé 0. Néu u khéng 1a da thuc bién x thi toan tir tra vé ky hiéu
Undefined.

Vi du:
Coef ficientSV(x* +3x + 5,x,1) - 3
CoefficientSV(2x3 + 3x,x,4) - 0
CoefficientSV(3,x,0) - 3
Coefficient sv((x + 1)(x + 3),x,2) = Undefined
Toan tir Coef ficientMonomialSV tra vé hé s6 cua bién x™ cua don thic u.

e Thu tuc thuc hién toan tu Coef ficientMonomialSV

Procedure Coef ficientMonomialSV (u, X);
Input
u : mét biéu thirc toan hoc:
X : mot bién;
Output
[c,m] v&i m 14 bac cua u theo x con ¢ 1a hé sé caa cua x™;
Local Variables
c, m, t, base, exponent;
Begin
if(MonomialSV (u, X)) then
m:=DegreeMonomialSV (u,x)
if Kind(u) € {integer,fraction} then
C:=u;
else if u = x then
c:=1;
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ese if Kind(u)="A" then
base := Operand(u, 1);
exponent := Operand(u, 2);
if base = x and Kind(exponent) = integer and exponent > 1 then
c:=1;
else if
c:=Undefined;
else if Kind(u)="* ” then
t:=Operand(u,l);
if t e{integer, fraction} then
C:=t;
else if
c:=1;
return [c,m];
else
return [undefined, undefined];
End

Hinh 5.5 Thu tuc thuc hién toan ti Coef ficientMonomialSV
e Thu tuc thuc hién toan tu Coef ficientSV

Procedure Coef ficientSV(u, X, j);
Input
u : mot biéu thirc dai sé;
X : mot bién;
Output
Hé sb cua x/ trong da thuc;
Local Variables
t;
Begin
if PolynomialSV (u,x)=True then
for i:= 1 to NumberO fOperands(u) do
t:= DegreeMonomialSV (Operand(u,i),X);
if t=j then
Return(Coef ficientMonomialSV (Operand(u,i), X));
Return O;
else
Return(Undefined);

End

Hinh 5.6 Thu tuc thyc hién toan tir Coef ficientSV
Toéan twr LeadingCoefficientSV
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Pinh nghia 5.7: Cho u la biéu thic dai s6. Néu u 1a mot da thirc mot bién x, toan
tu LeadingCoef ficientSV (u, x) tra vé lc(u, x). Neu u khong phai da thirc bien x thi
toan tur tra ve ky hiéu Undefined.

Vi du:
LeadingCoef ficientSV(x* +3x +5, x) -1
LeadingCoef ficientSV (3, x) - 3.
5.1.2 C4c thé hién cta don thire va da thirc mét bien

5.1.2.1 L6p don thirc mot bién MonomialSV
e Céc thudc tinh

coeffi : AnyNode Hé s6 cua don thuc

deg : AnyNode Bac cua don thuc

mono : AnyNode Don thuc

isMono : boolean La don thac sé cé gié tri True va nguoc lai s€ 1a False
var : AnyNode Phan bién cia don thtc

Bang 5.1 C&c thugc tinh ctaa 16p MonomialSV
e (Céac phuong thic

MonomialSV() Phuong thirc khéi tao khong tham so6

getVar()

MonomialSV(AnyNode, AnyNode) Phuong thirc khoi tao véi hai tham s6 1a
don thirc va bién

coefficientMonomialSV(AnyNode, Phuong thirc tim phan hé s6 cua don thirc

AnyNode)

degreeMonomialSV(AnyNode, Phuong thirc tim bac ctia don thic

AnyNode)

monomialSV(AnyNode, AnyNode) Phuong thirc tra vé true néu 1a don thuc,
nguoc lai tra vé false

Bang 5.2 Céc phuong thuc cua l6p MonomialSV

e Phuong thtc monomialSV

private boolean monomialSV (AnyNode u, AnyNode x) {

if (x.getKey() != CEILING) {
return false;

} else {
if (u.getKey() == 0 || u.getKey() == -37)

return true;
else if (u.equal(x)) {
return true;
} else if (u.getKey() == -5) {
AnyNode base = u.base();
AnyNode exponent = u.exponent();
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if (base.equal (x)
&& (exponent.getKey () == 0 && exponent.getValue ()

return true;
}
} else if (u.getKey() == -3) {
if (u.nop() == 2 && monomialSV (u.operand(l), x)
&& monomialSV (u.operand(2), x)) |
return true;
}
}

return false;

Hinh 5.7 Phuong thicc monomialSV
e Phuong thic khoi tao MonomialSV

public MonomialSV (AnyNode u, AnyNode x) {

u = Simplify.simplify(u);

if (monomialSV (u, x)) {
this.mono = u;
this.var = x;
this.isMono = true;
this.deg = degreeMonomialSV (u, x);
ArrayList<AnyNode> temp = coefficientMonomialSV (u, x);
this.coeffi = temp.get (0);

} else {
// Don thuc "u" khong phu thuoc vao bien x
this.mono = new AnyNode (-38);
this.var = new AnyNode (-38);
this.coeffi = new AnyNode (-38);
this.deg = new AnyNode (-38);
this.isMono = false;

Hinh 5.8 Phuong thiic khoi tao MonomialSV

Cac phuong thitc degreeMonomialSV, coef ficientMonomialSV s& dugc trinh
bay trong Phu luc 20, Phu luc 21.

5.1.2.2 Pa thirc mot bién PolynomialSV
e Céc thudc tinh

poly : AnyNode Da thuc

isPoly : boolean La true néu da thuc phu thudc bién var, nguoc lai co
gia tri la false

var : AnyNode Phan bién cua da thirc

deg : AnyNode Bac cua da thac

Bang 5.3 Céac thudc tinh caa Iop PolynomialSV
e (Cac phuong thuc
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PolynomialSV/() Phuong thirc khai tao khong tham sé

PolynomialSV(AnyNode, AnyNode) Phuong thirc khéi tao hai tham s lan luot
la biéu thtc va bién

degreeSV(AnyNode, AnyNode) Phuong thirc tim bac da thac
coefficientSV(int) Phuong thirc tim phan hé s6 cua bién cé
s6 mil 1 j

polynomialSV(AnyNode, AnyNode) Tra vé true néu biéu thirc 1a da thuc trong
bién x, nguoc lai tra vé false

Bang 5.4 Cac phuong thirc caa 16p PolynomialSV
e Phuong thic polynomialSV

private boolean polynomialSV (AnyNode u, AnyNode x) {
if (new MonomialSV (u, x).isMonomial ())
// u la don thuc phu thuoc bien "x"
return true;

else if (u.getKey() == -1) {
for (int 1 = 1; 1 <= u.nop(); i++) {
MonomialSV temp = new MonomialSV (u.operand(i), x);
if (!temp.isMonomial ())

return false;

}

return true;

}

return false;

Hinh 5.9 Phuong thiic polynomialSV
e Phudc thac khai tao PolynomialSV

public PolynomialSV (AnyNode u, AnyNode x) {

if (polynomialSV(u, x)) {
// neu u la da thuc phu thuoc x
this.poly = u;
this.var = x;
this.isPoly = true;
this.deg = degreeSV(u, x);
ArrayList<AnyNode> s = new ArrayList<AnyNode> () ;
s.add (x) ;

} else {
this.poly = new AnyNode (-38);

this.var = new AnyNode (-38);

this.deg = new AnyNode (-38);
this.isPoly = false;

Hinh 5.10 Phuong thirc khaoi tao PolynomialSV

Cac phuong thirc coef ficientSV, degreeSV s€ dugc trinh bay trong Phu luc 22,
Phu luc 23.
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5.2 DPa thtac nhiéu bien
Mot da thire chira mot hoidc nhiéu bién duoc goi 1a da thuc nhiéu bién

Pinh nghia 5.8: (Pinh nghia toan hoc) mot da thac nhiéu bién u trong tap bién
{x1, %3, ..., Xy } 12 MGt tong hiru han cua cac don thirc co dang
ny _np Nm
CXy 1 Xy % e Xy
voi hé s6 ¢ 1a mot s hitu ti va sé mil n; 12 s6 nguyén khong am.
Vi du:
p+ 1/2 pv? + gpy, ax?® + 2bc + 3¢

5.3 Dba thuc tong quat
C6 nhiéu biéu thire 1a da thirc trong ngir canh tinh toan nhung khong phai 1a da thirc
trong dinh nghia cua phan 5.1

a

Vi du: Biéu thiic u =
(a+1)

x2 + bx ++
a

ST \ A , At a: A r A A A TN 1
Co thé xem u nhu la mgt da thirc mot bien x véi phan hé so la ﬁ : b’Z

Pinh nghia 5.9: (Pinh nghia toan hoc) Cho ¢, c,, ..., ¢, 1a cac biéu thirc dai s6 va
X1, X2, -, Xy 12 CAC biéu thirc dai s6 khéng phai la s6 nguyén hoac phan so.

e Mot don thuc tong quat trong tap bién {x;, x, ..., x,, } 14 mot biéu thirc c6 dang
C1C v CrXy Xy 2 o T
véi s6 mil n; 13 s6 nguyén khéng 4m va c; thoa man diéu kién sau

FreeOf(ci,xj) - truevoij=12,..,m

Bicu thirc x; 1a bién tong quat va c; goi 1a hé s6 tong quat. Biéu thirc

Xt xy? ... x,™ goi la phan bién cua don thirc, néu khong c6 bién tong quat trong

don thirc thi phan bién c6 gia tri 1a 1. Biéu thic c;c, ...c, goi 1a phan hé s cua
don thirc, hé s6 bang 1 néu khong c6 phan hé sb.

e Mot biéu thirc u 1a mot da thic tong quat néu nd 1a mot don thic tong quét hosc
la tong cua cac don thic tong quét trong tap bién {x;, x5, ..., X}

Vi du:
x?—x+1, (x; = x)
sin®(x) + 2 sin?(x) + 3, (x; = sin(x))

(x+1)34+2(x+1)%+3, (x, =x+1)
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Pinh nghia 5.10: (Dinh nghia tinh todn) Mot don thirc tong quat trong tap bién tong

quat S = {x, X, ..., X,y } 12 Mot biéu thirc toan hoc u théa man cac luat sau:
1. FreeOf(u,x;) - truevéij=1,..,m
2. UES
3. u = x™Véix € S vanlasdnguyén I6n hon 1
4. u 1a mot tich va mdi todn hang cua u 1a mot don thic tng quat trong S

Pinh nghia 5.11: (Dinh nghia tinh toan) Mot da thicc tong quat trong tap S =

{x1, %5 ..., X, } 12 Mot biéu thuc toan hoc u thoéa mén céc luat sau:

1. u 1a mot don thuc tong quét trong S.
2. u latong ma mdi toan hang cia nd 1a mot don thirc tong quat trong S.

5.3.1 C4c toan tir co ban cua don thic tong quat
5.3.1.1 Toan tr MonomialGPE

Pinh nghia 5.12: Cho u 1a mot biéu thie dai s6 va cho v 1a bién x hoic tap bién
tong quéat S. Toan tt MonomialGPE (u, v) tra vé true néu u la mét don thirc tong quat

trong S va nguoc lai tra vé false.
Vi du:

MonomialGPE (ax*y?,{x,y}) - true
MonomialGPE (x* + y?,{x,y}) - false

e Thu tuc thuc hién toan tr MonomialGPE

Procedure MonomialGPE (u, v);
Input
u : 1a mét biéu thuc dai sé;
v : 1a mot bién hoac mot tap bién tong quat;
Output
true hoac false;
Local Variables
I, S, base, exponent;
Begin
if Kind(v) =setthen S := {v}elseS := v;
ifu € Sthen
Return(true)
elseif Kind(u) =" A" then
base := Operand(u,1);
exponent := Operand(u, 2);
if base € S and Kind (exponent) = integer and exponent >1 then
Return(true)
elseif Kind(u) = ” = ” then
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fori:=1to NumberOfOperands(u) do
if MonomialGPE (Operand(u,i),S) = false then
Return(false);
Return(true);
Return(SetFreeOf (u,S));
End

Hinh 5.11 Thu tuc thuc hién toan tt MonomialGPE
5.3.1.2 Toan tir CoefficientGME
Toan tir tra v& mot danh sach gém hai phan tir ¢ va m trong d6 m 1a bac caa don
thire va ¢ 1a hé sb cua x™ hoac tra vé Ky hiéu Undefined.
Pinh nghia 5.13: Cho u la mét biéu thire dai s6 toan tir Coef ficitentGME (u, x)
dugc dinh nghia baéi cac luat sau ([c, m]):
1. Néuu = x thi: CoefficitentGME (u, x) — [1,1]
2. Néu u 1a mot ity thira va :
base = Operand(u, 1)
exponent = Operand (u, 2)
néu u = x va exponent la s nguyén 16n hon 1 thi tra vé [1, exponent].
3. Néu u la mét tich thi toan tir tra vé Undifined néu khong c6 toan hang nao trong
u 13 don thirc phu thudc x. Néu trong u ¢6 todn hang phu thudc x va toan hang do
c6 bac m 1a s6 duong thi tra vé [u/x™, m].
4. Néu u khong 1a don thirc phy thudc x thi toan tir tra vé Undefined.
Thu tuc thuc hién toan ti Coef ficitentGME:

Procedure Coef ficitentGME (u, X);
Input
u : mét biéu thirc dai s6;
X 1 mot bién tong quat;
Output
Danh sach [c, m] véi m 14 bac cua don thtc va ¢ 13 hé sé caa x™
hoac la ky hiéu Undefined,;
Local Variables
base, exponent, i, ¢, m, f;
Begin
If u=xthen
Return([1, 1]);
else if Kind(u)=" A" then
base := Operand(u, 1);
exponent := Operand(u, 2);
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End

if base = x and Kind(exponent)= integer and exponent > 1 then
Return([1, exponent));
else if Kind(u)=" * ” then
m :=0;
c:=u;
fori:=1to NumberOfOperands(u) do
f:=CoefficientGME (Operand(u, i), X);
if f = Undefined then
Return(Undefined);
else if Operand(f, 2) # 0 then
m := Operand(f, 2);
c:=u/x™;
Return([c, m]);
If FreeOf (u, X) then
Return([u, 0));
else
Return(Undefined);

Hinh 5.12 Thu tuc thuc hién toan tir Coef ficientGME

5.3.1.3 Toan tir DegreeGME
Toan tir tim bac cua don thic theo tap bién tong quat s.

Pinh nghia 5.14: Cho u la mét biéu thire dai sb va tap bién téng quét S toan tu

DegreeGME (u, x) dugc dinh nghia boi cac luat sau:

1.

2.
3.

4.

Néu u e S thi toan to tra vé 1.

Néu u 13 lily thira thi toan tir tra vé exponent (u).

Néu u la tich caa cac toan hang u,, u,, ..., u,, thi bac cia u bang tong bac cua cac

toan hang u,, Uy, ..., U, VGi tap bién tong quéat S.

Néu u khéng thudc S va u = 0 toan tir tra vé Undefined nguoc lai tra vé 0.

5.3.1.4 Thé hién cua don thirc tong quét

Lép GeneralMonomial duoc thiét ké dira trén cac phan tich vé don thuc tong quét.

Cac thugc tinh

coeffi : AnyNode Hé s6 cua don thuc

deg : AnyNode Bac cua don thuc

mono : AnyNode Don thuc

isMono : boolean Bang true néu la don thirc, nguoc lai bang false
s : ArrayList<AnyNode> | Tap bién tong quat cua don thirc

Bang 5.5 Céc thudc tinh cua 16p GeneralMonomial
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GeneralMonomial()

Phuong thirc khai tao khong tham sé

GeneralMonomial(AnyNode,

Phuong thirc khai tao don thirc u véi tap

ArrayList<AnyNode>) bién S
setUndefined(GeneralMonomial) Phuong thuc thiét 1ap cac gi tri néu u 1a
Undefined

monomialGpe(AnyNode,
ArrayList<AnyNode>)

Phuong thuc tra vé true néu u 1a mot don
thare trong S va false trong cac truedng con
lai.

coefficientGme(AnyNode)

Phuong thuc tra vé danh sach gom bac m
cta don thac va hé sb cua x™

degreeGme(AnyNode,
ArrayList<AnyNode>)

Phuong thirc tim bac cua don thirc véi tap
bién tong quét S

multi(GeneralMonomial)

Phuong thirc nhén hai don thirc

div(GeneralMonomial)

Phuong thire chia hai don thic

sub(GeneralMonomial)

Phuong thirc trir hai don thirc dong dang

add(GeneralMonomial)

Phuong thic cong hai don thirc dong
dang

Bang 5.6 Cac phuong thirc cua 16p GeneralMonomial

Phuong thic monomialGpe

private boolean monomialGpe (AnyNode u,

this.s
if

Sy

(u.getKey () == -38 |

ArrayList<AnyNode> s) {

| s.isEmpty()) {

setUndefined (this) ;

return false;

} else if (u.getKey()
this.mono = u;
this.coeffi
this.deg
this.var
return true;

} else if

(isMember (u,
this.mono = u;

this.coeffi
this.deg
this.var =

u;
return true;
} else if (u.getKey ()
AnyNode base

u.
AnyNode exponent
if

&& exponent.getValue ()

this.
this.
this.
this.

mono

deg
var

== 0 && u.getValue ()

new AnyNode (0,
new AnyNode (-38);
new AnyNode (0,

new AnyNode (0,
new AnyNode (0,

(isMember (base,

coeffi

== 0)

0);

1);

s)) |
1);
1);

-5) {
base () ;

u.exponent () ;

s) && exponent.getKey ()
> 1) |
uy

new AnyNode (0, 1);
exponent;

base;
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return true;
}
} else if (u.getKey() == -3) {
AnyNode tempCoeffi = new AnyNode (-3);
AnyNode tempVar = new AnyNode (-3);

int degree = 0;
for (int i = 1; i <= u.nop(); i++) {
if (!monomialGpe (u.operand(i), s)) {

setUndefined (this) ;
return false;

}

if (u.operand (i) .getKey() != -5) {
if (isMember (u.operand (i), s))
degree +=
u.operand (1) .exponent () .getValue () ;
} else {
if (isMember (u.operand (i) .operand(l), s))
degree +=
u.operand (1) .exponent () .getValue () ;

}
if (setFreeOf (u.operand (i), s)) {
tempCoeffi.leaf.add(u.operand(i));
} else {
tempVar.leaf.add (u.operand(i));

}
this.deg = new AnyNode (0, degree);
if (tempCoeffi.leaf == null || tempCoeffi.leaf.size() == 0)
this.coeffi = new AnyNode (0, 1);
else
this.coeffi = Simplify.simplify(tempCoeffi);
if (tempVar.leaf == null || tempVar.leaf.size() == 0)
this.var = new AnyNode (0, 1);
else
this.var = Simplify.simplify(tempVar) ;
this.mono = u;
return true;
}
if (setFreeOf(u, s)) {
this.coeffi = u;
this.var = new AnyNode (0, 1);
this.deg = new AnyNode (0, 0);
this.mono = u;
return true;
} else {
setUndefined (this) ;
return false;

Hinh 5.13 Phuong thirc monomialGpe

Céc phuong thuc coef ficientGme, degreeGme, add, sub, multi, div s€ dugc
trinh bay ¢ phan Phu luc 24, Phu luc 25, Phu luc 29, Phu luc 28, Phu luc 26, Phu luc 27.
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5.3.2 C4c toan tir co ban cua da thirc tong quéat
5.3.2.1 Toan tir PolynomialGPE

Pinh nghia 5.15: Toan tir PolynomialGPE (u, v) tra vé true néu u 1a mot da thire
Vi bien tong quét trong {x} hoac S nguoc lai tra veé false.

Vi du:
PolynomialGPE (x* + y?,{x,y}) - true,

PolynomialGPE (sin?(x) + 2 sin(x) + 3,sin(x)) — true,
PolynomialGPE (x/y + 2 y,{x,y}) = false

e Thu tuc thuc hién toan tir PolynomialGPE

Procedure PolynomialGPE (u, v);
Input
u : 1a mot biéu thie dai s6;
v : 1a mot bién hodc mét tap bién tong quat;
Output
true or false;
Local Variables
I, S;
Begin
if Kind(v) =setthen S := {v}else S := v;
Return(MonomialGPE (u, S));
else
if u € S then Return(true);
fori:=1to NumberOfOperands(u) do
if MonomialGPE (Operand(u,i),S) = false then
Return(false);
Return(true);
End

Hinh 5.14 Thu tuc thyc hién toan tir PolynomialGPE

5.3.2.2 Toan tir Variables
CAu tric da thirc cua mot da thic tong quat phu thudc va biéu thac ma nd chon 1am
bién tong quat. Toan tir ndy s& xac dinh tap bién tong quat tw nhién cia mot biéu thic.

Pinh nghia 5.16: Cho u la mot biéu thuc dai s6. Toan ta Variables(u) dugc dinh
nghia boi cac luat sau day:

1. Néu u 1a mot s6 nguyén hoic phan sé thi
Variable(u) - @

2. Gia str u 1a mot liy thira. Néu s6 mii ctia u 12 mot s6 nguyén 16n hon 1 thi
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Variables(u) — {Operand(u, 1)}
Trong cac truongh hop con lai
Variables(u) - {u}

3. Gia sir u 1a mot tong. Toan tir Variable(u) 1a hop cua cac bién tong quét cua
moi todn hang trong u duoc xac dinh boi cac luat 1, 2, 4, 5.

4. Gia str u la mot tich. Toan ta Variable(u) chtra hop cta cac bién tong quét cua
mai toan hang trong u duoc xac dinh boi cac luat 1, 2, 5.

5. Néu u khong thoa mén cac trudng hop trén thi

Variables(u) — {u}
Vi du:
Variables(x® + 3x%y + 3xy? + y3) - {x, v}
Variables(3x(x + 1)y?z™) - {x,x + 1,z"}
Variables(1/2) - @
5.3.2.3 Toan tir DegreeGPE
Pinh nghia 5.17:

e Cho S={x,%,...,xn} 12 tip cac don thac tong quat. Cho u =
C1 v Cra Xy o ™ [& MOt don thirc voi phan hé sé khac 0. Bac cta u trong S 1a
t6ng s6 mil ctia cac bién tong quat:

deg(u,S) =ny +ny ...+ n,y,
Theo quy udc toan hoc bac cua don thic 0 la —oo

e Néu u la mot da thirc tong quat va 1 tong cua cac don thic thi deg(u, S) 1a gia
tri 16n nhat caa cac bac cua cac don thic trong u. Néu u chira mot bién x thi bac
cua u la deg(u, x).

Vi du:
deg(Bwx?y3z* {x,z}) = 6
deg(ax? + bx + ¢, {x}) = 2
deg(a sin®(x) + bsin(x) + ¢, {sin(x)}) = 2

Dinh nghia 5.18: Cho u Ia mot bicu thirc dai s6 va v 1a mot bién tong quét x hodc
tap bién tong quat S. Toan tir DegreeGPE ¢6 dang
DegreeGPE (u,v)

Khi u 1a mot da thic tong quéat trong v thi toan tir tra vé bac cua u. Néu u khong la
da thtrc tong quat trong v thi toan tir tra vé ky hiéu Undefined.
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Pinh nghia 5.19: Cho u 1a mét biéu thirc toan hoc va
S = Variables(u)
Toan tir deg(u, S) goi la tong bac cua biéu thic u
Vidu: u = ax? + bx + cvaS = {a, b, ¢, x} tong bac cua u deg(u, {a, b, c,x}) = 3
5.3.2.4 Toéan tir CoefficientGPE

Pinh nghia 5.20: Cho u cho mét biéu thirc toan hoc. Néu u 13 da thirc tong quét Voi
bién tong quat x va j = 0 1a mot sb nguyén thi toan ta Coef ficientGPE (u, x, j) tra vé
tong phan hé sb cua tat ca cac don thirc cua u ma c6 phan bién 1a x/. Néu khong c6 don
thizc ndo ¢d phan bién 12 x/ thi toan tar tra vé 0. Néu u khéng phai 1a da thuc bién x thi
toan tur tra vé ky hiéu Undefined.

Vi du:
Coef ficientGPE ((3 sin(x))x? + (2In(x))x + 4, x,2) — Undefined
Coef ficientGPE (ax® + bx + ¢,x,2) - a
CoefficientGPE (3xy? + 5x?y + 7x + 9,x,1) » 3y? + 7
5.3.2.5 Toan tir LeadingCoefficientGPE

Pinh nghia 5.21: Cho u la mot biéu thic dai s6. Néu u 1a mot da thirc tong quat
trong x thi LeadingCoef ficientGPE (u) V6i x dugc dinh nghia nhu 1a tong cta phan
hé sb cua tat ca cac don thuc véi phan bién xdesreeGpewx) Hg s§ dau tién sé duogc biéu
dién bai lc(u, x).

Vi du:
lc(3xy? + 5x%y + 7x%y3 + 9,x) = 5y + 7y3

Pinh nghia 5.22: Cho u 1a mét da thiic tong quét trong x. Toan tir
LeadingCoef ficientGPE (u, x)
tra vé lc(u, x). Néu u khdng la da thirc tong quat trong x thi toan ti tra vé Ky hiéu
Undefined.

5.3.2.6 Thiét ké 6p twong ¢ing cua da thirc tong quét
e Cac thudc tinh

listMono: ArrayList<GeneralMonomial> | Danh sach don thiic

poly : AnyNode Nt chira biéu thirc

isPoly : boolean True néu la da thicc va Flase néu nguoc
lai

s : ArrayList<AnyNode> Tap bién tong quét cua da thirc

Bang 5.7 Céc thugc tinh cua I6p GeneralPolynomial

e (Céac phuong thuc
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getS()

getListMono()

setListMono(ArrayList<GeneralMonomial>)

GeneralPolynomial()

GeneralPolynomial(AnyNode,
ArrayList<AnyNode>)

polynomialGpe(AnyNode,
ArrayList<AnyNode>)

polynomialExpansion(GeneralPolynomial,
AnyNode, AnyNode)

leadingCoefficientGPE(AnyNode)

coefficientGPE(AnyNode, int)

add(GeneralPolynomial)

sub(GeneralPolynomial)

mul(GeneralPolynomial)

div(GeneralPolynomial, AnyNode)

degreeGpe()

degreeGpe(AnyNode)

collectTerms()

Bang 5.8 Cac phuong thtrc cua 16p GeneralPolynomial

e Phuong thic polynomialGpe

private boolean polynomialGpe (AnyNode u, ArrayList<AnyNode> s) {
this.s = s;
if (u.getKey() != -1) {
// u khong phai la tong
if (new GeneralMonomial (u, s).isMono) {
// u la don thuc thuoc s
this.poly = u;
this.listMono.add (new GeneralMonomial (u, s));
return true;
} else {
// u khong phai la don thuc trong s
this.poly = new AnyNode (-38);
this.listMono = null;
return false;

}

} else {

if (isMember (u, s)) {
// u thuoc s (u la don thuc trong s)
this.poly = u;
this.isPoly = true;
this.listMono.add (new GeneralMonomial (u, s));
return true;

} else {

// u la tong
for (int i = 1; i <= u.nop(); i++) {
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GeneralMonomial temp = new
GeneralMonomial (u.operand (i), s);
if (!temp.isMono) {
// ui khong phai la don thuc trong s
this.poly = new AnyNode (-38);
this.listMono = null;
return false;
} else
this.listMono.add (temp) ;
}
this.poly = u;
this.isPoly = true;
return true;

Hinh 5.15 Phuong thirc polynomialGpe
Céac phuong thuc polynomialExpansion, add, sub, multi, div, degreeGpe

JleadingCoef ficientGPE, coef ficientGPE, degreeGpe(AnyNode),
collectTerms duoc trinh bay ¢ phan Phu luc 30.

5.3.3 C4c toan tur thao tac voi da thic tong quat

Trong phan nay mé ta hai toan tir str dung dé thao tac trong khi tinh toan da thirc
tong quét. Ca hai toan tir dura trén hai tinh chat phan phéi vao giao hoan cua phép cong

a(a+b) =ab + ac
(a+ b)c = ac + bc

5.3.3.1 Toan tir CollectTerms

Viéc rat gon hé s6 cua da thire thuong xuyén duoc ap dung trong qué trinh tinh toén
dai s6. Trong sudt qua trinh rat gon toan tir nay chi &p dung cho cac don thirc ¢6 phan
hé sb 1a s6 hiru ti (sb nguyén hoic phan sé). Viéc rit gon cac hé sé duoc thuc hién boi
toan tr CollectTerms.

Dinh nghia 5.23: Mot da thirc tong quat u c6 phan hé s thu gon trong tap bién tong
quat S néu théa mén mat trong so6 cac thudc tinh sau:
1. U la mét don thic tong quét trong S
2. U latong cua céc don thirc tong quét trong S vai phan bién rd rang (distinct)
(Pinh nghia nay tuwong tu dinh nghia Pinh nghia 5.9 ngoai trir trong luat s6 hai
yéu cau phan bién phai dugc xac dinh rd rang.)

Vi du: (2a + 3b)xy + (4a + 5b)x

1a da thirc c6 cac phan hé s dugc thu gon trong tap bién tong quat S = {x, y} (Vi trong
truong hop nay tap bién téng quat cia u dugc hiéu bao gom cac bién {x, y, xy}. Cac bién
nay dugc tim badi toan tir variable). Nhung da thic
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2axy + 3bxy + 4ax + 5bx

thi khéng phai 1a da thirc ¢6 phan hé sé duoc thu gon vi trong d6 ¢6 hai don thirc 6
phan bién 1 xy va hai don thirc ¢6 phan bién 13 x.

Dang thu gon hé sb cua da thac phu thudc va biéu thiee duoc chon 1am phan bién
tong quat. Vi du véi tap bién tong quat S ={a,b} thi da thac
2axy + 3bxy + 4ax + 5bx c6 dang thu gon la (2xy + 4x)a + (3xy + 5x)b.

e Thu tuc gia ma thuc hién toan tir CollectTerms

Procedure CollectTerms(u, S);
Input
u : la biéu thac dai s6;
S: mét tap bién tong quét khéng rong;
Output
Dang thu gon hé sé caa u hoic 1a ky hiéu Undefined néu u khéng phai
La da thirc tong quét trong tap S
Local Variables
f, combined, i, j, N, T, v;
Begin
if Kind(u) ="+ then
if Coef fVarMonomial(u, S) = Undefined then
Return(Undefined)
else
Return(u)
else
if u € Sthen
Return(u);
N :=0;
fori:=1to NumberOfOperands(u) do
f:=CoeffVarMonomial(Operand(u, i), S);
if f = Undefined then
Return(Undefined)
else
j=1,
combined := false;
while not combined and j <N do
if Operand(f, 2) = Operand(T[j], 2) then
T[j] := [Operand(f, 1) + Operand(T[j],
1), Operand(f, 2)];
combined := true;
=i+l
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if not combined then
T[N +1] :=T;
N:=N+1;
v:=0;
forj:=1toNdo
V=V + Operand(T[j], 1) * Operand(T[j], 2);
Return(v)
End

Hinh 5.16 Thu tuc thuc hién toan tir CollectTerm

5.3.3.2 Toan tr Expand
Toan tir Expand ap dung hai phép bién ddi phan phéi téi tich va lity thira dé thu
duoc mot téng.

Vi du:
(x+2)(x+3)(x+4) > x3+9x%+26x + 24
(x+1D)2+@+1)2>x?+2x+y>+2y+2
((x+2)2+3)% > x*+8x3 +30x% + 56x + 49
Pinh nghia 5.24 s& mo ta dang dau ra cua toan tir Expand

Pinh nghia 5.24: Mot biéu thire dai s6 u c6 dang khai trién néu tap céc bién tong

quat duogc tinh béi toan tir Variable (u) khéng chira mét tong.
Dinh nghia 5.24 phia trén chi co y nghia trong pham vi ctia hé thong ridt gon biéu thic.
Mot s6 biéu thirc khdng & dang khai trién néu khdng trong pham vi nay.
Vi du: biéu thuc
((x + 1D?)?
s& duoc bién doi: ((x + 1)2)? » (x + 1)* khi d6 Variable(u) = {x + 1}, tap bién cua
u chtra mot tong nén u khdng & dang khai trién theo Pinh nghia 5.24.

Truwong hop s6 mii nguyén: truong hop don gian dau tién cua thuat toan 1a 4p dung
Véi biéu thire dai s6 u c6 lity thira 1a s6 nguyén. Thi tuc Expand (w) thuc hién khai trién
dé quy lan dau véi cac toan hang tong, tich va lily thira v6i s6 mii nguyén duong va goi
t6i hai thii tuc ExpandProduct, ExpandPower dé ap dung luat phan phéi tong va tich.

Tha tuc ExpandProduct(r,s) khai trién tich caa hai biéu thire da dwoc khai trién.
Str dung dé quy dé ap dung luat phan phéi toi ca vé trai va phai caa biéu thic.

Thi tuc ExpandPower (u,n) khai trién mot biéu thirc u da duoc khai trién voi liy
thira n > 2. Khi u 1a mot tong dang khai trién s& thu duoc boi

f = O0Operand(u,1), r=u—f
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va ap dung codng thic

n

ut = (f +1r)" = Z (#!_k)!fn—k) rk

k=0

e Thutuc Expand

Procedure Expand (u);
Input
u : 12 mot biéu thire dai s6 ma tat ca cac sé mii cua céac lity thira 1a s6 nguyén
Output
Dang khai trién cia u
Local Variables
v, base, exponent;
Begin
if Kind(u)="+" then
v := Operand(u, 1);
Return(Expand (v) + Expand(u — v));
Else if Kind(u) =" = then
V = Operand(u, 1);
Return(ExpandProduct(Expand (v), Expand (u/v)));
Else if Kind(u) =" A ” then
base := Operand(u,1);
exponent := Operand(u, 2);
if Kind (exponent) = integer and exponent > 2 then
Return(ExpandPower(Expand(base), exponent));
Return(u)
End

Hinh 5.17 Thu tuc Expand
Thu tuc ExpandProduct, ExpandPower duoc trinh bay ¢ Phu luc 31, Phu luc 32.

Truong hop sé mii khong phai sé6 nguyén

Néu u chua lity thira véi s6 mil khong phai 1a s6 nguyén, toan tir Expand c6 thé tra
vé mot biéu thirc khdng & dang khai trién.

Vidu: Expand(x(y + 1)3% + 1) (x(y + 1)%?2 — 1) - x2(y+1)3 -1

Cac phuong thirc thuc hién toan tir CollectTerms, Expand dudc trinh bay ¢ phu luc
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5.4 Biéu thac hiru ti tong quat.

Trong ngit canh toan hoc mot biéu thirc hitu ti duge dinh nghia nhu 13 thuwong cua
hai da thic. Trong phan nay cua luan vin s& trinh bay vé ciu tric biéu thic hitu ti coa
mot biéu thirc dai s6 va mo ta thuat toan bién doi mot biéu thie vé dang hitu ti.

Pinh nghia 5.25: cho S = {xy, x,, ..., X, } 12 Mot tap bién tong quat. Mot biéu thic

dai 56 u 1a mot bicu thire hivu ti GRE (general rational expression) trong S néuu = p/q
véi p va q la cac da thirc tong quat trong S.
Vi du:
x2—x+y
ET TR
x%sin(y) — xsin*(y) +2(z + 1)
x + sin(y)

» 5 = {xsin(y)}

x*+bx+c, S = {x}

5.4.1 Toan tt Numerator va Denominator

Pé co thé xac dinh mot biéu thire da ¢ dang hitu ti hay khong thi can dinh nghia
chinh xé&c tir s6 va miu s6 caa biéu thuc. Toan tir Numerator va Denominator Si
dung dé lam viéc nay. Hai toan tir duoc dinh nghia bai cac luat bién d6i dudi day.

Pinh nghia 5.26: Cho u la mét biéu thirc dai s6
1. Néu u la mot phan sé thi
Numerator(u) — Operand(u, 1)
Denominator (u) — Operand(u,2).

2. Gia st u 1a lity thira. Néu s6 mii ctia u 1a s6 nguyén &m hozc phan sé am thi

Numerator(u) — 1, Denominator(u) » u~!

néu khdng thi

Numerator(u) - u, Denominator (u) - 1

3. Giastulatichvav = Operand(u,1) thi:
Numerator(u) —» Numerator(v) * Numerator(u/v)
Denominator(u) —» Denominator(v) * Denominator(u/v)
4. Néu khong thoéa man céc luat trén thi:
Numerator(u) - u, Denominator(u) - 1

Vi du: Xem xét biéu thirc dai sb sau
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u = (2/3)x(x+1)y

Numerator(u) - 2x(x + 1)y", Denominator(u) — 3(x + 2)

Dinh nghia 5.27: Cho S = {xy, x5, ..., X, } 1a MOt tap bién tong quat. Mot biéu thirc
u 14 biéu thie hitu ti trong S néu Numerator(u) va Denominator(u) 13 céc da thic
téng quét trong S.

5.4.2 Toan ti Rational GPE

Pinh nghia 5.28: Cho u 1a mét biéu thirc dai s6 va cho v 1a mét bién tong quat x
hoac tap bién tong quat S. Toan tir RationalGPE (u,v) tra ra True néu u la mot biéu
thae hiru ti tong quat trong x hoac S va tra vé False trong truong hop con lai.

Toan tir duoc dinh nghia bai luat bién doi sau:

RationalGPE (u,v)
— PolynomialGPE (Numerator(u),v) and PolynomialGPE (Denominator(u), v)

Vi du:

x?+1
2x+ 3

RationalGPE( ,x) - true

1 1
RationalGPE ( " + > {x, y}) — false.

5.4.3 Toan tur RationalVariables
Toan tir nay dinh nghia mot tap bién ty nhién cua biéu thirc hitu ti tong quét.

Pinh nghia 5.29: Cho u 12 mot biéu thirc dai s6. Toan tir RationalVariables(u)
duogc dinh nghia boi cac luat sau:

RationalVariables(u)
— Variables(Numerator(u)) U Variables(Denominator(u))

véi toan tu Variable dugc dinh nghia & Dinh nghia 5.16.
Vi du:

RationalVariabl (2x+3y)
—_— | -
ationalVariables | —— {x,y,2}
1 1 1 1
RationalVariables (— + —) - {— + —}
X 'y X y
5.4.4 Hitu ti hda mot bieu thac dai so

Qua trinh hitu ti hda dya trén viéc bién ddi két hop cac toan hang cua mot tong trén
mét mau sé chung.
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1 2x+1
1+1/, x+1

Vi du: 1+

Pinh nghia 5.30: Mot biéu thuc dai s6 u ¢ dang hitu ti hoa néu né théa man cac
luat sau:

1. Néu u Ia s6 nguyén, phan sé, ky hiéu, giai thira hoic dang ham.
2. u la cac loai khéc va xem u nhu 1a mét biéu thac hiru ti trong tap
S = RationalVariables(u) thi
a. M&i biéu thuc v trong S déu & dang hitu ti véi Denominator(v) = 1
b. Phan hé sé cia mdi don thac trong Numerator(u) va
Denominator(w) 1a sé nguyén

Vi du: biéu thic (a/b + c¢/d ) khong phai ¢ dang hitu ti vi
RationalVariables(a/b + c/d) = {a,1/b,c,1/d }

khong thoa man thudc tinh sé 2. Nhung biéu thic (ad + bc)/(bd) thi & dang
hiru ti vi

RationalVariables ((ad + bc)/bd) = {a, b, c,d}
va phan hé sé cua mdi don thuc ad, bc va bd 1a 1.
Toan tir RationalizeExpression

Toan tir ndy s& bién ddi mot biéu thire dai s6 u thanh mot biéu thirc trong duong &
dang hitu ti. Toan tr dugc hiéu trong ngit canh rat gon bao gom céc phép bién doi liy
thura sau:

uUuW - uv+W
(uv)n N uvn
(uv)™ » u™v"

Véi u, v, w la céc biéu thirc dai s6 va n 1a s6 nguyén.

e Thu tuc thuc hién toan tir RationalizeExpression

Procedure RationalizeExpression(u);
Input
u :mét biéu thire dai s6;
Output
Dang htu ti hoa cua u;
Local Variables f, g,r;
Begin
if Kind(u)=" A" then

d(u,
Return RationalizeExpression(Operand (u, 1))Opemm (e 2);
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else if Kind(u)=" * ” then
f := Operand(u, 1);

)

else if Kind (u)="+" then
f:= Operand(u, 1);

else
Return(u)

End

Return(RationalizeExpression(f) * RationalizeExpression(u/

g := RationalizeExpression(f);
r := RationalizeExpression(u — f);
Return(RationalizeSum(g,r))

Hinh 5.18 Thu tuc thuc hién toan tir RationalizeExpression

Thu tuc RationalizeSum duoc trinh bay ¢ Phu luc 33.

5.4.5 Thé hién cua biéu thic hitu ti

Lop GenneralRationalExpression 1 16p thé hién dugc thiét ké dua trén cac dic

diém cua biéu thirc hitu ti tong quét.

e Cac thudc tinh

numerator : GeneralPolynomial

denominator : GeneralPolynomial

s : ArrayList<AnyNode>

u : AnyNode

Bang 5.9 Céc thudc tinh cua 16p GenneralRationalExpression

e Cac phuong thuc

getNumerator()

getDenominator()

getS()

getU()

GeneralRationalExpression()

Ham khai tao khong tham s6

GeneralRationalExpression(AnyNode,

Ham khai tao biéu thirc hiru ti vi tap bién

ArrayList<AnyNode>) tong quat

rationalGre(AnyNode, Ham tra vé true néu u la biéu thic hitu ti
ArrayList<AnyNode>) trong ,nguoc lai tra vé false.
rationalVariables(AnyNode) Ham tim tap bién ty nhién cua biéu thirc
numerator(AnyNode) Ham tim tir s6 cua biéu thic

denominator(AnyNode)

Ham tim mau sb cua biéu thuc




58

rationalExpand(AnyNode) Ham bién d6i mot biéu thirc hiru ti u vé
dang biéu thtc hiru ti d duoc khai trién

rationalizeExpression(AnyNode) Ham hitu ti hda mot biéu thic

rationalizeSum(AnyNode, AnyNode) Ham htru ti héa mot tong

Bang 5.10 Cac phuong thic cua lop GenneralRationalExpression

Céc phuong thac numerator, denominator, rationalExpand, rationalizeSum
rationalizeExpression, rational GRE duoc trinh bay ¢ Phu luc 34.

6 Cé4c toan tir trong hé thong SMC
6.1 Khai trién Taylor

6.1.1 Toan t& Derivative

Pinh nghia 6.1: Cho biéu thirc dai s6 u. Toan tir Derivative (u, x) tra vé dao ham
bac mot caa u tinh theo bién x duoc dinh nghia bai cac luat sau:
1. Néuu = x thi
Derivative(u,x) - 1
2. Néuu = x" thi
Derivative(u,x) = w * vW~1 x Derivative(v, x) + Derivative(w, x) * vV *
In(v)
3. Gia str u 1a mot tong va cho v = Operand (u,1) vaw = u — v khi d6
Derivative(u, x) — Derivative(v, x) + Derivative(w, x)
4. Gia st u la mot tich va cho v = Operand (u, 1) vaw = u/v khi d6
Derivative(u,x) - w * Derivative(v, x) + v * Derivative(w, x)
5. Néuu = sin(v)
Derivative(u, x) — cos(v) = Derivative(v, x)

6. Néuu = cos(v)

Derivative(u, x) —» —sin(x) * Derivative (v, x)
7. Néuu = tan(v)

Derivative(u, x) — sec?(v) * Derivative(v, x)
8. Néuu = cot(v)

Derivative(u, x) » —csc?(v) * Derivative(v, x)
9. Néuu = sec(v)

Derivative(u, x) — sec(v) * tan(v) * Derivative(v, x)
10.Néu u = csc(v)
Derivative(u,x) - —csc(v) * cot(v) * Derivative(v, x)
11.Néu FreeOf (u, x) = true thi
Derivative(u,x) = 0

e Thu tuc thuc hién toan tir Derivative

Procedure Derivative(u, X);
Input
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u : mot biéu thirc dai s6;
X : mot bién tdng quat
Output
Pao ham bac mot caa u véi bién x;
Local Variables r;
Begin
if u=x then
Return 1;
else if Kind(u)="" " then
r := DerivativePower(u, X);
else if Kind(u)="* ” then
r := DerivativeProduct(u, X);
else if Kind(u)="+ " then
r := DerivativeSum(u, X);
else if Kind(u)=" Trigonometric ” then
r .= DerivativeTrigonometric(u, X);
else if Kind(u)="exp ” then
r :=u * Derivative(u, X);
else if Kind(u)="1n " then
r := Derivative(u, x)/u,
else if FreeOf (u, x) = false
r:=0;
returnr;

End

Hinh 6.1 Thu tuc thuc hién toan tir Derivative
6.1.2 Toan to HigherDerivative

Cho u la mot biéu thire dai so, toan tir HigherDerivative sé tra vé dao ham bac n
cua biéu thac u vai bien x

e Thu tuc thuc hién toan toc HigherDerivative

Procedure HigherDerivative(u, X, n);
Input

u : mot biéu thuc dai sb;

X : mot bién tong quat

n : bac dao ham
Output

DPao ham bac n cua u vai bién x;
Local Variablesr, t;

Begin
while n # 0 do
u := Derivative(u, X);
n:=n-1;
return u;
End

Hinh 6.2 Thu tuc thuc hién toan tic HigherDerivative
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6.1.3 Toan tu TaylorSeries
Pinh nghia 6.2: Cho f 1a mot ham s6 c6 dao ham riéng lién tuc téi cip n + 1 trong
khoang nao d6 chira diém a. Chuoi taylor dugc tao boi ham f tai diém x = a c06 dang

fl@)+f'(0)(x—a) +]%(f)(x —a)?+ ...+fnn(!“)

(x—a)* + -

(o]

(k)
= Z f (a) (x - a)k

k!
k=0

Cho u 1a biéu thirc dai s6 toan tir TaylorSeries s& tra vé chudi taylor cAp n cua u
theo bién x tai diem a.

e Thu tuc thuc hién toan tr TaylorSeries

Procedure TaylorSeries(u, X, n, a);

Input
u : mét biéu thirc dai sé;
X : mot bién tong quat
n : cap khai trién
a : gia tri khai trién x=a
Output

Chudi taylor cap n cua u theo bién x tai diém a;
Local Variablesr, k, d, f;
Begin
fork:=0tondo
d := HigherDerivative(u, X, n);
d := Substitute(a, X);
f:= Factorial(K);
r:=(dx*x—-a"/f;
return Simplify(r);

End

Hinh 6.3 Thu tuc thuc hién toan tir TaylorSeries
6.2 Cac toan tir khac

6.2.1 Toan td MINF

Pinh nghia 6.3: [15] Cho F;(z), F,(z) la cac biéu thirc dai s6 vai bién téng quét z,
F(z) = MINF (F,(2), F,(z)) s& dugc tinh boi céng thic sau:

[zi]F (2) = MIN ([zi]Fl(z), [Zi]F, (z)) Vi >0
Toan tir MINF tra vé a; 12 hé s6 nho nhat trong cac hé s cua z¢ trong F, va F,.
Vi du:
MINF(1 +z+ 22,1+ 2z%) =1+ z?

e Thu tuc thuc hién toan tt MINF
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Procedure MINF (a,b,X)
Input
a, b : 1a cac da thirc tong quat;
X : mot bién tong quat
Output
a; 12 hé sb nho nhat trong cac hé sb cua x! trong a va b;
Local Variables m, da, db, ca, cb, r;
Begin
da := DegreeGPE(a, X);
db := DegreeGPE (b, X);

if da < db then
m :=db;
else
m :=da;

fori:z=0tomdo
ca:= Coef ficientGPE (a, X, i);
cb :=CoefficientGPE (b, x, i);
ifca<ch
ri=7r+cax*x’
else
ri=r+ch*x';
return Simplify(r);
End

Hinh 6.4 Thu tuc thuc hién toan td MINF
6.2.2 Toan tr MAXF

Pinh nghia 6.4: [15] Cho F,(z), F,(z) 1a cac biéu thic dai s véi bién tong quat
z,F(z) = MAXF (F,(z), F,(z)) s€ duoc tinh boi:

[zi]F (2) = MAX ([zi]Fl(z), [zi]FZ(z)) Vi>0
Toan tir MAXF tra vé a; 1a hé s6 16n nhat trong céc hé sb cua z! trong F; va F,.
Vi du:
MAXF(1+z+2z%,1+2z%)=1+z+ 222
Thu tuc thuc hién toan tt MAXF

Procedure MAXF(a,b,x)
Input
a, b : 1a cac da thirc tong quat;
X : mot bién tong quat
Output
a; 12 hé s6 nho nhat trong cac hé sb cua x! trong a va b;
Local Variables m, da, db, ca, cb, r;
Begin
da := DegreeGPE(a, X);
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db := DegreeGPE(b, X);

if da < db then
m := db;
else
m :=da;

fori:=0tomdo
ca:= Coef ficientGPE (a, X, i);
cb := CoefficientGPE (b, X, i);
if ca<ch
ri=71+ch* x5
else
ri=r+4ca*xb
return Simplify(r);
End

Hinh 6.5 Thu tuc thuc hién toan tod MAXF
6.2.3 Toan ter DEUP
Pinh nghia 6.5: Cho F(z) 1a mot ham s thi
DEDUP(F(z)) = z Z

[zi]F(z)>O

Toan tir DEDUP tra vé ham sinh mai véi cac hé sé cua z' duoc gan bang 1 khi
[z8]F(z) > 0. [15]

Vidu: DEDUP(F(2)) =1+z+z?+z3+..= 1/(1—72)

e Thu tuc thuc hién toan td DEDUP

Procedure DEDUP(u, X, n, a);

Input
u : mot biéu thirc dai sé;
X : mot bién tong quat
n : cap khai trién
a: gia tri khai trién x = a
Output

Chudi taylor rit gon cip n cua u theo bién x tai diém a theo Dinh nghia 6.5;
Local Variablesr, k, d, f;
Begin
fork:=0tondo
d := HigherDerivative(u, X, n);
d := Substitute(a, X);
f .= Factorial(K);
if(d/f > 0) then
ri=(x —a)k;
else
ri=(d*(x—-a)"/f;
return Simplify(r);
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| End

Hinh 6.6 Thu tuc thuc hién toan td DEDUP
Cac phuong thirc thuc hién cac tha tuc trén dugc trinh trong Phu luc 35.

7 Kiém thir

e Kiém thir phuong thuc derivative (dao ham theo bién x)

Stt Pau vao Két qua mong doi Két qua thuc té

1 X X X

2 x3 3x? 3x?

T T [

2vx 2
4 1 -1 —1(x7%)
X xZ

) sin(x) cos(x) cos(x)

6 cos(x) —sin(x) —sin(x)

7 tan(x) sec?(x) (sec(x))?

8 cot(x) — csc?(x) —1(csc(x))2

9 In(x) 1 x 1

X
10 (2x +1)3 6(2x + 1)2 6(1 + 2x)?
] Vax+1 -1 —1(1 + 2072
(2x +1)2
12 1 K —4(3 + 4x) 2
4x + 3 (4x + 3)?
13 sin(5x%* + 1) 10xcos(5x%* + 1) 10(cos(1 + 5x%))x
14 cos(5x% + 1) 10xsin(5x? + 1) —10(sin(1 + 5x%))x
15 tan(5x* + 1) 10xsec?(5x* + 1) 10(sec(1 + 5x2))2x
16 CO'E(SJC2 +1) —10(CSC(1 + sz))zx
17 In(2x + 3) 2 2(3 + 2x) 2
2x + 3
18| 5x3 —3x2 + 10x 15x% — 6x + 10 10 + (—6)x + 15x2
—5

e Kiém thtr phuong thuc higherOrderDerivative (dao ham bac n theo bién x)

Stt DPau vao Két qua mong doi Két qua thuc té
1] 5x% —3x%*+10x —5,2 30x — 6 —6 + 30x
2 3 3 5
VE, 3 5 3 -
8x /2 8
3 2x*, 1 2x*(In(x) + 1) 2(x* + In(x) x¥)
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Kiém thir phwong thirc taylorSeries (Tim chudi taylor theo bac n va bién x)

Stt Dau vao Két qua mong doi Két qua thuc té
1 exp(x),3 - +x2+x3 L+ +x2+x3
- 42 63 8 i 42 63 8
2 —(x%)),8 X X X X X X
p(-0ND)8 | H XX e X
2 6 24 2 6 24
3| exp(sin(x)),5 - _|_x2 x*  x° - _I_x2 x*  x®
*T 278 15 *T2 T8 15
4 1 3 1—(x—1)+ (x —1)2 1+ (-1 *(-1+x)
x —(x—1)3 + (=1 + x)?
+ (-1(-1
+ x)3
5 1 4 14+ x+x%+x3+x* 1+ x+x?+x3+x*
1—3
6 | exp(x)sin(x), 6 x3 x5 x° , 1 . =1
2 _ x4 -x% —
erer3 30 90 | 7 T3" _310x
+ — 6
1 2 3 4 1 1 90;(
7 = X X X 5x -
G+ 1)z 5 1+-——+—— 14+-x +—x2+—x3
2 8 16 128 2 8 16
toce 128
s
* 256"
e Kiém thir phwong thirc minF
Stt DPau vao Két qua mong doi Két qua thuc té
1 1+x+x%,1+ 2x? 1+ x? 1 + x?
2 1_|_lx_|_‘_1x2+ 1 1, 1 T -1 1
2 2x 8x +16x 2x+8x +16x
—x + x +—x 5 -5
256 ——x* + —x*
N +x x> x° 128 128
R T R 1 LTl
310 3(%
46 +__ 6
90" 90 ”
3| 4x5—15x3—-11x—1, | —1—11x — 15x3 -1+ (—11)x
—14x° + 14x* + 22x? —14x° | + (—=15)x3 + (—14)x>
+ 14
e Kiém thir phuong thirc maxF
Stt Pau vao Két qua mong doi Két qua thuc té
1] 1+4+x+x%,1+2x? 1+ x + 2x2 1+ x + 2x2
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2 1 1,2 1 1
L4ox +x°+ 1+x+x2+§x3 1+x+x2+§x3
Loxd 4+ Zxt oy xS, 7 7
16 128 256 A, 4L 45
2 X« 256 256
3 30 90
3| 4x°> —15x® —11x —1, | 14+ 22x* 4 14x* 14 + 22x* + 14x*

—14x° + 14x* + 22x%
+ 14

+ 4x°

+ 4x°

e Kiém thtr phuong thic dedup (Note: mdc dinh chudi taylor sé duwoc tinh tai gia

tri x=0)
Stt Dau vao Két qua mong doi Két qua thyc té
1 1/(1—x),3 1+x+x*+x%° 1+x+x*+x%3
2 S 1—5x + x? — 5x3 1—5x + x? — 5x3
x+1 + x4 + x4
3 sin(x),x =1,3 X

x + _71sin(1) (x —1)2

+ %cos(l) (x—1)3

+ _71sin(1) (-1 + x)z

+ %cos(l) (-1 + x)3
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Két luan
Két qua dat dwoc

Trong pham vi luan vin nay t6i hudng téi muc dich 1 tim hiéu, nghién ciu va phét
trién mot hé thong dai s6 may tinh mién phi nhiam thay thé hé thdng dai sé may tinh
thuong mai san cd trong viéc dap ang cac yéu cau cua hé théng SMC. Qua 7 chuong,
luan van da trinh bay vé phuong phap tiép can, phan tich va giai quyét cac van dé gap
phai trong qua trinh xay dung hé théng.

Cac két qua dit duoc:

e Xay dyung duoc hé théng dai s6 may tinh co ban cho phép thao tac vai biéu thuc
dai s6

o Phan tich chudi dau vao dé nhan biét biéu thuc.
o Tinh gia tri biéu thic.
o Rt gon biéu thuc.

o Xu ly da thtc
o Da thirc mot bién, nhiéu bién.
o Cac phép toan co ban trén da thuc.
o Khai trién da thuc.

e Xay dung cac ham xu ly cho hé théng SMC
o Tim chudi taylor viia mot ham sé tai mot gia tri bat ky, dén mot hé sé bat

ky.
o Xay dung ham MAXF, MINF, TRUNC, DEDUP.
Huwdéng nghién ciru trong lwong lai

V6i nhitng gi da lam duoc trong pham vi luan vén tdi hy vong trong tuong lai s€ ¢
nhitng cai thién giup tang chat luwong cua hé thong.

e Hoan thién hé théng
o Kha nang rit gon biéu thirc hiru ti.
o Kha niang phan tich chudi dé nhan biét biéu thic.
o Hb tro xt ly biéu thic logic.
o Tang hiéu xuat thyc hién bang cach cai thién cac thuat toan, cac phuong
thize tinh toan dé giam thoi gian.
o Phét trién lai bang ngdn ngit C++ dé ¢ thé canh tranh vé hiéu nang véi
c4c hé thng di co.
e Thém giao dién dé than thién véi nguoi ding.
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Phu luc
Phu luc 1: Toan tor Map

Cho u 1a biéu thac phac hop Vvéi n = NumberOfOperator(u) va
F(x),G(x,y,...,z) la c&c toan tir. Toan tir Map c0 2 dang la:

Map(F,u)
Map(G,u,y,...2Z)
Map(F,u)

Map(F,u) sé& tao ra mot biéu thic méi véi toan tir chinh 1a Kind (u) va cac toan
hang lIa F(Operand(u, 1)), ..., F(Operand (u,n)).

Vi du:
F(x)= x?vau=a+b
Khi d6 ta cé toan tir chinh la Kind(u) = " + " va cac toan hang la:
F(Operand(u, 1)) = a? F(Operand(u,2)) = b?
Vay Map(F,u) = a? + b?
Map(G,uw,ys,...,z)

Map(G,u,y, ..., z) Sé tao ra mot biéu thirc méi véi toan ti chinh 1a Kind (u) vacac
toan hang la G(Operand(u, 1),y, ..., 2), ... G(Operand(u,n),y, ..., z)).

Vidu:ChoG(x) = x*+y3+z*vau=a+b
G(Operand(u,1),c,d) = a* + ¢ + d*, G(Operand(u, 2),c,d) = b? + ¢3 + d*
Vay Map(G,u,c,d) = a® + b? + 2¢3 + 2d*

Phu luc 2: Toan ta Construct

Cho f latoan tir (+, —,*,* ...) vadanh sach cac todn hang L = [x4, x5, ..., x,]. Toan
ter Construct(f,L) tao ra mot biéu thic c6 toan hang chinh 1a f va céc toan tu 1a
X1, X2, ey X

Vidu:Cho f ="+"'vaL =[2,x,y]
Construct(f,L) » 2+x+y

Phu luc 3: Thu tuc EvaluateProduct

Procedure EvaluateProduct(u,v);
Input

u, v: 1a cac sé nguyén hoic phan s véi mau sb khac 0
Output

la mot phan sé & dang chuan hoic s6 nguyén




Local Variables
d,n;
Begin
if v = integer and w = integer then
return (v * w);
else
n := NumeratorFun(v) * NumeratorFun(w);
d := DenominatorFun(v) * DenominatorFun(w);
return Simplif yRational Number(n/d);
End

Phu luc 4: Tha tuc EvaluateSum

Procedure EvaluateSum(u,v);
Input
u, v: 1a s6 nguyén hoic phan sé véi mau s khac 0
Output
la mot sé nguyén hoic phan sé ¢ dang chuan;
Local Variables
d, n;
Begin
if v = integer and w = integer then
return (v + w);
else
n := NumeratorFun(v) * DenominatorFun(w)
+ NumeratorFun(w) * DenominatorFun(v);
d := DenominatorFun(v) * DenominatorFun(w);
return SimplifyRational Number(n/d);
End

Phu luc 5: Thu tuc EvaluatePower

Procedure EvaluatePower(u,n);
Input
u : 12 mot s6 nguyén hoac mot phan sé véi mau sb khac 0;
n : 12 mot sé nguyén;
Output
la mot sb nguyén hoic phan sé & dang chuan;
Local Variables
d, n;
Begin




if n <0 then
n := DenominatorFun(u);
d := NumeratorFun(u);

else

n := NumeratorFun(u);

d := DenominatorFun(u);
n:= nAbsoluteValue(n).

.— JAbsoluteValue(n)-.
d:=d Ok

return Simplif yRNE (n/d);
End

Phu luc 6: Phuong thirc evaluateProduct

public static AnyNode evaluateProduct (AnyNode v, AnyNode w) {

if (v.getKey() == 0 && w.getKey () == 0) {
return new AnyNode (0, v.getValue() * w.getValue());
} else {
int numerator = v.numerator() * w.numerator();
int denominator = v.denominator () * w.denominator () ;
return simplifyRationalNumber (new AnyNode (-37, numerator,
denominator));

Phu lyc 7: Phuong thirc evaluateSum

public static AnyNode evaluateSum(AnyNode v, AnyNode w) {

if (v.getKey() == 0 && w.getKey () == 0) {
return new AnyNode (0, v.getValue() + w.getValue());
} else {
int numerator = v.numerator () * w.denominator ()
w.numerator () * v.denominator () ;
int denominator = v.denominator () * w.denominator();
return simplifyRationalNumber (new AnyNode (-37, numerator,
denominator)) ;

Phu luc 8: Phuong thirc evaluatePower

public static AnyNode evaluatePower (AnyNode base, AnyNode exponent) {
int deno, num;
if (exponent.getValue() < 0) {
num = base.denominator ()
deno = base.numerator();
} else {
num = base.numerator ();
deno = base.denominator () ;

’

}
num = (int) Math.pow(num, Math.abs(exponent.getValue()))

deno = (int) Math.pow(deno, Math.abs (exponent.getValue()));
AnyNode result = new AnyNode (-37, num, deno);
return simplifyRationalNumber (result);




Phu luc 9: Phuong thic simplifyintegerPower

private static AnyNode simplifyIntegerPower (AnyNode anyNode) {
AnyNode base = anyNode.operand(l); // co so

AnyNode exponent = anyNode.operand(2); // so mu
if (exponent.getValue() == 0 && exponent.getKey() == 0) { // b=0
return new AnyNode (0, 1);
} else if (exponent.getValue() == 1) {// b=1
return anyNode.operand(l);
} else if (base.getKey () == | | base.getKey () == -37) {
return simplifyConstant (anyNode) ;
} else if (base.getKey() == -5) {
AnyNode p = simplifyProduct(new AnyNode (-3, base.operand(2),
exponent)) ;
AnyNode temp = new AnyNode (-5, base.operand(l), p):
if (p.getKey() == 0) {
return simplifyIntegerPower (temp) ;
} else {

return temp;

}

} else if (base.getKey() == -3) {
AnyNode temp = new AnyNode (-3);
for (int i = 0; 1 < base.nop(); 1i++) {

temp.leaf.add(simplifyIntegerPower (new AnyNode (-5, base
.operand(i + 1), exponent)));
}
return simplifyProduct (temp) ;
} else {
return anyNode;

Phu luc 10: Phuong thac simplif yProductRec

private static Arraylist<AnyNode> simplifyProductRec (ArrayList<AnyNode>

list) |
ArraylList<AnyNode> result = new ArrayList<AnyNode> ()
if (list.size() == 2) {
AnyNode ul = list.get(0);
AnyNode u2 = list.get(l);
if (ul.getKey() != -3 && u2.getKey() != -3) {
// ca 2 khong phai la tich
if ((ul.getKey() == || ul.getKey () == -37)
&& (u2.getKey () == || u2.getKey () == -37))
{
// 1. Ca hai la constant(integer or phan so)
AnyNode r = simplifyConstant(new AnyNode (-3, ul,
uz));

if (r.getValue() == 1)
result = null;
else
result.add(r) ;
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} else if (ul.getValue() == 1) {
// 2.1 ul =1
result.add(u?2);
} else if (u2.getValue() == 1) {
// 2.2 u2=1
result.add(ul);
} else if (ul.base().equal (u2.base())) |
// hai toan hang co co so bang nhau
AnyNode exponent = simplifySum(new AnyNode (-1,
ul.exponent (), u2.exponent()));

AnyNode r = simplifyPower (new AnyNode (-5,
ul.base () ,exponent)) ;
if (r.getKey() == 0 && r.getValue() == 1) {
result = null;
} else {

result.add(r);
}

} else if (!'ul.compare(u2)) {
// neu u2 < ul
result.add(u?2);
result.add(ul);

} else {
// neu 4 luat tren khong phu hop
result = list;

}
return result;
} else { // it nhat 1 trong 2 cai la tich
if (ul.getKey() == -3 && u2.getKey() == -3) {
// ca hai cung la tich
result = mergeProducts(ul.leaf, u2.leaf);

} else if (ul.getKey() == -3 && u2.getKey() != -3) {
// ul la tich
ArrayList<AnyNode> temp = new

ArrayList<AnyNode> () ;
temp.add (u2) ;
result = mergeProducts(ul.leaf, temp);

} else if (ul.getKey() != -3 && u2.getKey() == -3) {
// u2 la tich
ArrayList<AnyNode> temp = new

ArrayList<AnyNode> () ;
temp.add (ul) ;
result = mergeProducts(temp, u2.leaf);
}
return result;
}
} else ({
// number of operators > 2
AnyNode a = list.get(0);
ArrayList<AnyNode> temp = simplifyProductRec(rest(list));

if (a.getKey() == -3) {
result = mergeProducts(a.leaf, temp);

} else {
Arraylist<AnyNode> t = new ArrayList<AnyNode> () ;
t.add(a);

result = mergeProducts(t, temp):;




}

return result;

Phu luc 11: Phuong thirc mergeProducts

private static Arraylist<AnyNode> mergeProducts (ArrayList<AnyNode> p,
ArrayList<AnyNode> q) {

if (p == null || p.size() == 0) {
return g;

} else if (g == null || g.size() == 0) {
return p;

} else {

AnyNode pl = p.get(0);
AnyNode gl = g.get(0);
ArrayList<AnyNode> temp = new ArrayList<AnyNode>();
temp.add (pl) ;
temp.add (gl) ;
ArrayList<AnyNode> h = new ArrayList<AnyNode> () ;
h = simplifyProductRec (temp) ;
if (h == null) {
return mergeProducts(rest(p), rest(q));
} else if (h.size() ==
&& ((h.get(0).equal (gl)
&& h.get(l) .equal(pl)) || (h.get (1)

.equal (gl) &&
h.get (0) .equal (pl)))) |

ArraylList<AnyNode> t = new ArrayList<AnyNode> () ;
if (h.get(0).equal(gl) && h.get(l) .equal(pl)) {
t.add(gl);

return adjoin(t, mergeProducts(p, rest(q))):;
} else {

t.add(pl);
return adjoin(t, mergeProducts(rest(p), 9d)):

}

} else {

return adjoin(h, mergeProducts(rest(p), rest(q))):;

Phu luc 12: Phuong thirc simplifySumRec

private static ArrayList<AnyNode> simplifySumRec (ArrayList<AnyNode> list)
{
ArraylList<AnyNode> result = new ArrayList<AnyNode> () ;
if (list.size() == 2) {
// Co 2 toan hang
AnyNode ul = list.get(0);
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AnyNode u2 = list.get(l);

if (ul.getKey() != -1 && u2.getKey() != -1) {
// ca 2 khong phai la tong
if ((ul.getKey() == || ul.getKey() == -37)
&& (u2.getKey() == | | u2.getKey() == =37 {

))
// 1. Ca hai la constant(integer or phan so)
AnyNode r = simplifyConstant (new AnyNode (-1, ul,

uz));
if (r.getValue() == 0 && r.getKey() == 0)
result = null;
else
result.add(r) ;
} else if (ul.getValue() == 0 && ul.getKey() == 0) {
// 2.1 ul =0
result.add (u2);
} else if (u2.getValue() == 0 && u2.getKey() == 0) {
// 2.2 u2=1
result.add(ul);
} else if (ul.term().equal (u2.term())) |
// hai toan hang co so hang bang nhau
AnyNode constant = simplifyConstant (new AnyNode (-1,
ul.constant (), u2.constant()));
if (constant.getKey() == 0 && constant.getValue()
== 0)
result = null;
else if (constant.getKey () == 0 &&
constant.getValue() == 1) {
result = ul.term() .leaf;
} else {
AnyNode t = new AnyNode (-3);
t.leaf.add(constant) ;
AnyNode term = ul.term();
if (term.getKey() == -3) {
for (int 1 = 1; 1 <= term.nop(); i++) {

t.leaf.add (term.operand(i));
}
} else
t.leaf.add(term);
result.add(t);
}
} else if (!'ul.compare(u2)) {
// neu u2 < ul
result.add (u2);
result.add(ul);
} else {
// neu 4 luat tren khong phu hop
result = list;
}
return result;
} else { // it nhat 1 trong 2 cai la tong
if (ul.getKey() == -1 && u2.getKey() == -1) {
// ca hai cung la tong
result = mergeSums(ul.leaf, u2.leaf);
} else if (ul.getKey() == -1 && u2.getKey() != -1) {
// ul la tong con u2 khong la tong
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ArrayList<AnyNode> temp = new
ArrayList<AnyNode> () ;
temp.add (u2) ;
result = mergeSums(ul.leaf, temp);
} else if (ul.getKey() != -1 && u2.getKey() == -1) {
// u2 la tong con ul khong la tong
ArrayList<AnyNode> temp = new

ArrayList<AnyNode> () ;
temp.add (ul) ;
result = mergeSums (temp, u2.leaf);

}

return result;

}

} else {
// number of operators > 2
AnyNode a = list.get(0);
ArrayList<AnyNode> temp = simplifySumRec(rest(list));

if (a.getKey() == -1) {
result = mergeSums(a.leaf, temp);
} else {
ArraylList<AnyNode> t = new ArrayList<AnyNode> () ;
t.add(a);
result = mergeSums(t, temp):;

}

return result;

Phu luc 13: Phuong thuc mergeSums

private static ArrayList<AnyNode> mergeSums (ArrayList<AnyNode> p,
ArrayList<AnyNode> q) {

if (p == null || p.size() == 0) {
return g;

} else if (g == null || g.size() == 0) {
return p;

} else {

AnyNode pl = p.get(0);
AnyNode gl = g.get(0);
ArrayList<AnyNode> temp
temp.add(pl) ;
temp.add(ql) ;
ArrayList<AnyNode> h = simplifySumRec (temp) ;
if (h == null) {
return mergeSums (rest(p), rest(q));
} else if (h.size() ==
&& ((h.get(0) .equal(gl) && h.get(l) .equal (pl)) |
(h.get (1) .equal (gl) && h.get(0).equal(pl)))) {
ArrayList<AnyNode> t = new ArrayList<AnyNode> () ;
if (h.get(0).equal(gl) && h.get(l) .equal(pl)) {
t.add(gl);
return adjoin(t, mergeSums(p, rest(q))):
} else {
t.add (pl);
return adjoin(t, mergeSums(rest(p), d)):

new ArrayList<AnyNode> () ;

}
} else {

return adjoin(h, mergeSums(rest(p), rest(q))):




Phu luc 14: Phuong thirc adjoin sir dung dé ndi hai danh séch nat

private static ArraylList<AnyNode> adjoin (ArrayList<AnyNode> a,
ArrayList<AnyNode> b) {
ArrayList<AnyNode> r = new ArrayList<AnyNode> () ;
r.addAll (a);
r.addAll (b);
return r;

Phu luc 15: Phuong thirc rest st dung dé loai bo phan tir dau tién caa danh sach

public static ArrayList<AnyNode> rest (ArrayList<AnyNode> a) {
a.remove (0) ;
return a;

Phu luc 16: Phuong thirc simplifyFactorial tinh giai thira cia mot 1a s6 nguyén
private static AnyNode simplifyFactorial (AnyNode node) {
if (node.operand(l) .getKey () == 0) {
if (node.operand(l) .getValue() < 0)
return new AnyNode (-38);
else {

int value = factorial (node.operand(l).getValue());
return new AnyNode (0, wvalue);

}

} else {
return node;

Phu luc 17: Phuong thircc factorial tinh giai thira cia mot s6 nguyén

public static int factorial (int n) {
if (n == 0)
return 1;
else
return n * factorial(n - 1);

Phy luc 18: Phuong thuc simplifyRationalNumber tinh gia tri cua biéu thirc hiru ti
Vi cac toan hang 1a hing sb (sb nguyén hoac phan sb).

private static AnyNode simplifyRationalNumber (AnyNode u) {
if (u.getKey() != -37)
// u khong la phan so
return u;
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AnyNode result = new AnyNode();

if (u.operand(l).getKey() == -37 || u.operand(2).getKey() == -37) {
// tu hoac mau cua u la phan so
AnyNode rNumerator = new AnyNode () ;
AnyNode rDenominator = new AnyNode () ;

if (u.operand(l) .getKey() == -37)

rNumerator = simplifyRationalNumber (u.operand(l));
else

rNumerator = u.operand(l);
if (u.operand(2) .getKey() == -37)

rDenominator = simplifyRationalNumber (u.operand(2));
else

rDenominator = u.operand(2);
int t = rNumerator.numerator () * rDenominator.denominator();
int m = rNumerator.denominator () * rDenominator.numerator();
return simplifyRationalNumber (new AnyNode (=37, t, m));

} else {

int numerator = (int) u.operand(l) .getValue();
int denominator = (int) u.operand(2) .getValue ()

if (numerator == 0) {
// tu so bang 0
result.setKey (0);
result.setValue (0);

} else if (denominator !'= 0) {
int g = gcd(numerator, denominator);
if (g !'= 1) {

if (denominator > 0) {
numerator /= g;
denominator /= g;
} else ({
numerator /= -g;
denominator /= -g;
}
if (denominator == 1)
result = new AnyNode (0, numerator);
else
result = new AnyNode (=37, numerator,
enominator) ;
} else {
if (denominator == 1)
result = new AnyNode (0, numerator);
else
result = u;
}
} else if (denominator == 0) {
result.setKey(-38); // undefined
}

return result;

Phu luc 19: Phuong thirc gcd tinh wéc chung 16n nhat caa hai s6 nguyén.

|private static int gcd(int a, int b) {
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if (b !'= 0) {

return gcd(b, a % b);
} else

return Math.abs(a);

Phu luc 20: Phuong thic degreeMonomialSV

private AnyNode degreeMonomialSV (AnyNode u, AnyNode x) {
AnyNode result = new AnyNode() ;
if (u.getKey() == 0 && u.getValue() == 0) {
// neu u=0 thi bac cua don thuc la khong xac dinh
result = new AnyNode (-38);
} else if (u.getKey() == || u.getKey() == -37) {
// neu u la so nguyen hoac phan so
result = new AnyNode (0, 0);

} else if (u.equal(x)) {

// u=x

result = new AnyNode (0, 1);
} else if (u.getKey() == -5) {

// u = x"n

AnyNode base = u.base();
AnyNode exponent = u.exponent () ;

if (base.equal (x) && exponent.getKey() == 0
&& exponent.getValue() > 1) {
result = exponent;
} else {

result = new AnyNode (-38);
}

} else if (u.getKey() == -3) {
// u la tich cua hai toan hang
if (u.nop() == 2) {
AnyNode a = degreeMonomialSV (u.operand(l), x);

AnyNode b degreeMonomialSV (u.operand(2), x);
if (a.getKey() != -38 && b.getKey() != -38)
result = b;
} else {
result = new AnyNode (-38);
}
} else {
result = new AnyNode (-38);
}

return result;

Phu luc 21: Phuong thuc coef ficientMonomialSV

private ArrayList<AnyNode> coefficientMonomialSV (AnyNode u, AnyNode x)
ArrayList<AnyNode> result = new ArrayList<AnyNode> () ;
AnyNode m = degreeMonomialSV (u, x);
if (monomialSV(u, x) && m.getKey() != -38) {
AnyNode c = new AnyNode () ;
if (u.getKey() == || u.getKey () == -37) {
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// neu u la so nguyen hoac phan so

c = u;

} else if (u.equal(this.var)) ({
// u=x
c = new AnyNode (0, 1);

} else if (u.getKey() == -5) {
// u = x"n

AnyNode base = u.base();
AnyNode exponent = u.exponent();
if (base.equal (x) && exponent.getKey() == 0
&& exponent.getValue() > 1) {
c = new AnyNode (0, 1);
} else {
c = new AnyNode (-38);
}
} else if (u.getKey() == -3) {
// u la tich cua cua 2
if (u.operand(l) .getKey() == 0 || u.operand(l).getKey()

// toan hang dau tien cua u la so nguyen hoac phan

e}
c = u.operand(l);
} else {
c = new AnyNode (0, 1);

}

result

result.

} else {

result.
result.

.add(c) ;

add (m) ;

add (new AnyNode (-38));

add (new AnyNode (-38));

}

return result;

Phu luc 22: Phuong thuc coef ficientSV

public AnyNode coefficientSv (int 7J) {
if (this.isPoly) {

for(int 1 = 1; i <= this.poly.nop(); 1i++){
MonomialSV temp = new MonomialSV (this.poly.operand(i),
this.var);
if (temp.getDeg () .getValue () == 7J) {

return temp.getCoeffi();

}

return new AnyNode (0, 0);

}

return new AnyNode (-38);

Phu luc 23: Phuong thiac degreeSV
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private AnyNode degreeSV (AnyNode u, AnyNode x) {
MonomialSV d = new MonomialSV (u, x);
if (d.getDeg () .getKey () != -38){
return d.getDeg() ;
}else if (AnyNode.kind(u) .equals ("+")) {
int temp = 0;
for(int i = 1; 1 <= u.nop(); i++){
AnyNode f = new MonomialSV (u.operand(i), x).getDeg();
if (f.getKey () == -38){
return new AnyNode (-38);
}else({
temp = f.getValue() < temp ? temp : f.getValue();

}

return new AnyNode (0, temp);
lelse(
return new AnyNode (-38);

Phu luc 24: Phuong thuc coef ficientGme

public ArrayList<AnyNode> coefficientGme (AnyNode x) {
AnyNode u = this.getMono () ;
ArrayList<AnyNode> s = new ArrayList<AnyNode> () ;
s.add (x) ;
ArrayList<AnyNode> result = new ArrayList<AnyNode>();
if (monomialGpe (u, s)) {
if (u.equal (x)) {
result.add (new AnyNode (0, 1));
result.add (new AnyNode (0, 1));
return result;
} else if (u.getKey() == -5) {
AnyNode base = u.base();
AnyNode exponent = u.exponent();
if (base.equal (x) && exponent.getKey() == 0
&& exponent.getValue() > 1) {
result.add (new AnyNode (0, 1));
result.add (exponent) ;
return result;
}
} else if (u.getKey() == -3) {
AnyNode c = u;
AnyNode m = new AnyNode (0, O0);
ArrayList<AnyNode> f = new ArrayList<AnyNode> () ;
for (int i = 1; i <= u.nop(); i++) {
GeneralMonomial temp = new
generalMonomial (u.operand (i), s);
f = temp.coefficientGme (x);
if (f.get(0) .getKey() == -38) {
result.add (new AnyNode (-38));
return result;
} else if (f.get(l).getKey () ==
&& f.get(l).getValue() != 0) {
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m = f.get(l);
AnyNode t = new AnyNode (-5, new AnyNode (-5,

new AnyNode (0, -1));
c = Simplify.simplify(new AnyNode (-3, c,

}
result.add(c);
result.add (m) ;
return result;

}

if (Operation.free(u, x)) {
result.add(u);
result.add (new AnyNode (0, 0));
return result;

} else {
result.add (new AnyNode (-38)) ;
return result;

}

} else {
result.add (new AnyNode (-38)) ;
return result;

Phu luc 25: Phuong thic degreeGme

private AnyNode degreeGme (AnyNode u, ArrayList<AnyNode> s) {
if (isMember (u, s))
// u thuoc S
return new AnyNode (0, 1);

else if (u.getKey() == -5H)
// u = x"n
return u.exponent();
else if (u.getKey() == -3) {
// u = ul*u2*...*un
int degree = 0;
for (int i = 1; 1 <= u.nop(); i++) {
if (u.operand (i) .getKey() != -5) {
if (isMember (u.operand (i), s))
degree +=
u.operand (i) .exponent () .getValue () ;

} else {
if (isMember (u.operand (i) .operand(l), s))
degree += u.operand (i) .exponent () .getValue();

}

return new AnyNode (0, degree);

} else {
// u khong thuoc
if (u.getKey() == 0 && u.getValue() == 0)

// u =0

return new AnyNode (-38);
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else
return new AnyNode (0, 0);

Phu luc 26: Phuong thirc multi don thirc

public GeneralMonomial multi (GeneralMonomial u) {
GeneralMonomial result = new GeneralMonomial () ;
if (!'this.isMono || !'u.isMono) {
// this hoac u khong la don thuc
setUndefined (result) ;

} else {
result.s = union(this.s, u.s);
AnyNode coeffi = Simplify.simplify (new AnyNode (-3,

this.coeffi,

u.coeffi));

AnyNode var = Simplify.simplify(new AnyNode (-3, this.var,
u.var)) ;

AnyNode mono = Simplify.simplify(new AnyNode (-3, <coeffi,
var));

result.coeffi = coeffi;

result.var = var;

result.mono = mono;

result.isMono = true;

result.deg = degreeGme (result.mono, result.s);

}

return result;

Phu luc 27: Phuong thic div don thirc

public GeneralMonomial div (GeneralMonomial u) {
AnyNode coeffi = Simplify.simplify(new AnyNode (-5, u.coeffi,
new AnyNode (0, -1)));
AnyNode var = Simplify.simplify(new AnyNode (-5, u.var, new AnyNode (0,

-1)));
AnyNode mono Simplify.simplify(new AnyNode (-3, coeffi, wvar));
u.coeffi = coeffi;
u.Mmono = monoj;

u.var = var;
return this.multi (u);

Phu luc 28: Phuong thirc sub don thirc

public GeneralMonomial sub (GeneralMonomial u) {
AnyNode coeffi = Simplify.simplify(new AnyNode (-3, u.coeffi,
new AnyNode (0, -1)));
AnyNode mono = Simplify.simplify(new AnyNode (-3, coeffi, u.var));
u.coeffi = coeffi;
u.Mmono = monoj;
return this.add(u);
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B

Phu luc 29: Phuong thirc add don thirc

public GeneralMonomial add(GeneralMonomial u) {
GeneralMonomial result = new GeneralMonomial () ;
if (!this.getVar () .equal (u.getVar()) || !this.isMono || !u.isMono) {

setUndefined(result);
} else {
// neu 2 don thuc dong dang

AnyNode coeffi = Simplify.simplify (new AnyNode (-1,
this.coeffi, u.coeffi));

AnyNode mono = Simplify.simplify(new AnyNode (-3, coeffi,
this.var));

result.coeffi = coeffi;

result.mono = mono;

result.isMono = true;

result.var = this.var;

result.deg = this.deg;
result.s = intersection(this.s, u.s);

}

return result;

Phu luc 30: Cac phuong thuc polynomialExpansion, add, sub, multi, div,
degreeGpe ,leadingCoef ficientGPE, coef ficientGPE, degreeGpe(AnyNode),

e Phuong thac coef ficientGPE

public AnyNode coefficientGPE (AnyNode x, int i) {
AnyNode u = this.getPoly();
if (u.getKey() == -1) {
if (u.equal (x)) {
if (1 == 1)
return new AnyNode (0, 1);

else
return new AnyNode (0, 0);
}
AnyNode result = new AnyNode(-1);
result.leaf.add (new AnyNode (0, 0));

for (int 7 = 1; 7 <= u.nop(); Jj++) {
GeneralMonomial mono = new GeneralMonomial (u.operand(j),
this.s);
ArraylList<AnyNode> list = mono.coefficientGme (x);
if (list.get(0).getKey() == -38)
return new AnyNode (-38);
else if (list.get(l).getValue() == 1)

result.leaf.add(list.get (0));
}
return Simplify.simplify(result);
} else {
GeneralMonomial mono = new GeneralMonomial (u, this.s);
ArrayList<AnyNode> list = mono.coefficientGme (x);
if (list.get(0).getKey() == -38)




17

return new AnyNode (-38);

else if (list.get(l).getValue() == 1)
return list.get (0);

else
return new AnyNode (0, 0);

e Phuong thiic degreeGpe

public AnyNode degreeGpe () {
if (this.isPoly) {
if (this.poly.getKey () == 0 && this.poly.getValue() == 0)
// da thuc 0
return new AnyNode (-38);

else {
int deg = 0;
for (int 1 = 0; 1 < this.listMono.size(); i++) {
int degree = listMono.get (i) .getDeg () .getValue();
deg = (deg < degree) ? degree : deg;

}
return new AnyNode (0, deqg);

}

} else
return new AnyNode (-38);

e Phuong thuc leadingCoef ficientGpe

public AnyNode leadingCoefficientGPE (AnyNode x) {
AnyNode degree = this. degreeGpe (x);
if (degree.getKey() == 0) {
AnyNode coefficient = coefficientGPE (x, degree.getValue());
return coefficient;
}
return new AnyNode (-38);
}
public AnyNode degreeGpe (AnyNode x) {
Arraylist<AnyNode> v = new ArrayList<AnyNode> () ;

v.add (x) ;
AnyNode u = this.getPoly();
GeneralPolynomial temp = new GeneralPolynomial (u, v);

if (temp.isPoly)
return temp.degreeGpe() ;
else

return new AnyNode (-38);

e Toan tir cong hai da thiac add

public GeneralPolynomial add(GeneralPolynomial u) {

AnyNode poly = new AnyNode (-1, expand(this.poly), expand(u.poly));
ArrayList<AnyNode> s = union(this.s, u.s);
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GeneralPolynomial result = new GeneralPolynomial (poly, s);
return result.collectTerms () ;

e Toan tu trwr hai da thac sub

public GeneralPolynomial sub(GeneralPolynomial u) {
AnyNode polyMinuend = expand(new AnyNode (-3, new AnyNode (0, -1),
u.poly));
GeneralPolynomial minuend = new GeneralPolynomial (polyMinuend, u.s);
return this.add (minuend) ;
sss}

e To04n tr nhan hai da thiec multi

public GeneralPolynomial multi (GeneralPolynomial u) {
ArrayList<AnyNode> s = union(this.s, u.s);
AnyNode poly = Simplify.simplify(expand(new AnyNode (-3, this.poly,
u.poly)));
GeneralPolynomial result = new GeneralPolynomial (poly, s);
return result;

e Toan tu chia hai da thac div

public ArraylList<GeneralPolynomial> div (GeneralPolynomial v, AnyNode x) {
if (v.getPoly().getKey() == 0 && v.getPoly () .getValue() == 0)
return null;
else {
ArrayList<GeneralPolynomial> result = new
ArrayList<GeneralPolynomial> () ;
AnyNode g = new AnyNode (0, 0);
GeneralPolynomial r = new GeneralPolynomial () ;
r = this;
AnyNode m = r.degreeGpe (x);
AnyNode n = v.degreeGpe (x);
AnyNode lcv = v.leadingCoefficientGPE (x);

while (m.getValue () >= n.getValue()) {
AnyNode lcr = r.leadingCoefficientGPE (x) ;
AnyNode s = Simplify.simplify(new AnyNode(-37, lcr,
lev)) s
AnyNode temp = new AnyNode (-3, s, new AnyNode (-5, x,
new AnyNode (-1, m, new AnyNode (-3, n,
new AnyNode (0, -1)))));
g = Simplify.simplify(new AnyNode (-1, g, temp));
AnyNode templ = new AnyNode (-3, new AnyNode (-1,
v.getPoly (),
new AnyNode (-3, new AnyNode(0, -1), new
AnyNode (-3,
lcv, new AnyNode (-5, x, n)))),
temp) ;
AnyNode temp2 = new AnyNode(-1, r.getPoly(), new

AnyNode (-3,
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new AnyNode (0, -1), new AnyNode (-3, lcr, new
AnyNode (-5, x, m))));
AnyNode t = new AnyNode (-1, temp2, new AnyNode (-3, new
AnyNode (0, -1), templ));
AnyNode polyR = expand(t);
r = new GeneralPolynomial (polyR, this.s);
m = r.degreeGpe (%) ;
}
result.add (new GeneralPolynomial (g, this.s));
result.add(r);
return result;

e Phuong thuc degreeGpe(AnyNode)

public AnyNode degreeGpe (AnyNode x) {
ArrayList<AnyNode> v = new ArrayList<AnyNode> () ;
v.add (x);
AnyNode u = this.getPoly () ;
GeneralPolynomial temp = new GeneralPolynomial (u, v);
if (temp.isPoly)
return temp.degreeGpe () ;
else
return new AnyNode (-38);

e Phuong thic polynomialExpansion

public GeneralPolynomial polynomialExpansion (GeneralPolynomial v,
AnyNode x, AnyNode t) {
if (this.getPoly().getKey() == 0 && this.getPoly () .getValue() == 0)

return this;
} else {
ArrayList<GeneralPolynomial> d = this.div (v, x);
GeneralPolynomial g = d.get(0);
GeneralPolynomial r = d.get(1l);
GeneralPolynomial temp = g.polynomialExpansion(v, x, t)

.multi(new GeneralPolynomial (t, s)).add(r);
AnyNode tl = expand(temp.getPoly()):;
GeneralPolynomial result = new GeneralPolynomial (t1,

temp.getS());
return result;

}

e Phuong thic collectTerms

public GeneralPolynomial collectTerms () {
// mang chua cac don thuc co phan bien khac nhau
ArraylList<GeneralMonomial> listMono = new

ArrayList<GeneralMonomial> () ;
AnyNode u = this.getPoly ()
if (u.getKey() != -1) {
// Da thuc chi co mot phan tu (Ex: 2x)
return this;
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} else {
// Da thuc la tong cac don thuc (Ex: 2xy+5x+7)
if (isMember (u, this.getS()))
// neu u thuoc S
return this;

int n = 0;
for (int i = 1; i <= u.nop(); i++) {
GeneralMonomial f = new GeneralMonomial (u.operand(i),
this.s);
int §j = 1;
boolean combined = false;
while ((!combined) && j <= n) {
if (f.getVarPart () .equal (1istMono.get (] -
1) .getVarPart())) |
AnyNode sumCoeffi = new AnyNode (-1,

f.getCoeffi(),listMono.get(j - 1).getCoeffi());
listMono.get(j - 1).coeffi = Simplify
.simplify(sumCoeffi);
combined = true;

AnyNode mono = new AnyNode (-3,
listMono.get (7 - 1) .getCoeffi(), listMono.get(j - 1).getVar());
listMono.get(j - 1) .mono = mono;

}
Jt++;

}

if (!combined) {
listMono.add (f);
n++;

}

}
this.setListMono (listMono) ;

if (listMono.size() == 1)
this.poly = listMono.get (0) .mono;
else {
this.poly.leaf.clear();
for (int i = 0; i < listMono.size(); 1i++) {
this.poly.leaf.add(listMono.get (i) .mono) ;

}
}

GeneralPolynomial result = new GeneralPolynomial (this.getPoly (),
this.getS());
return result;

Phu luc 31: Tha tuc ExpandProduct

Procedure ExpandProduct (r, S);
Input
r, s : biéu thire dai s6 da & dang khai trién voi s6 mii cta cac liy thira 1a s6
nguyeén
Output
Dang khai trién cuar * s;
Local Variables
f;
Begin




21

if Kind(r) ="+" then
f = Operand(r,1);
Return(ExpandProduct(f,s) + ExpandProduct(r — f,s));
Else if Kind(s) ="+ then
Return(ExpandProduct(s,r));
else
Return(r * s);
End

Phu luc 32: Thu tuc ExpandPower

Procedure ExpandPower (u,n);
Input

u : 1a mot biéu thic dai s6 da o dang khai trién véi cac liy thira ¢6 s6 mil
nguyén

n : 1a mot sé nguyén khéng am
Output

Dang khai trién cia u™
Local Variables

f.r,k, s, c;
Begin

If Kind (u) ="+ then

f:= Operand(u, 1);

r:=u-—f
s:=0;
fork:=0tondo
=n!/(k!'(n —k)V);
s:=s+ ExpandProduct(c * f* %, ExpandPower(r, K));
Return(s)
else
Return(u™)

End

Phu luc 33: Thu tuc RationalizeSum

e Thutuc RationalizeSum

Procedure RationalizeSum(u, v);
Input

u, v : cac biéu thuc dai s6 ¢ dang hiru ti hda;
Output

Mét biéu thire dai s6 ¢ dang hitu ti hda;
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Local Variablesm, n, r, s;
Begin
m := Numerator(u);
I := Denominator(u);
n:= Numerator(v);
S := Denominator(v);
ifr=1ands =1 then
Return(u + v)
else
Return(RationalizeSum(m * s,n *r) /(r * 5))
End

Phu luc 34: Cac phuong thac numerator, denominator, rationalGRE,
rationalExpand, rationalzeExpression, rationalzeSum.

e Phuong thirc numerator

public static AnyNode numerator (AnyNode u) {
if (u.getKey() == -37)
// u la so huu ti
return u.operand(l);

else if (u.getKey() == -5) {
// u la luy thua
if ((u.exponent().getKey() == 0 && u.exponent().getValue() <
0) || (u.exponent().getKey() == -37 && (u.exponent().numerator() < 0 ||
u.exponent () .denominator () < 0))) {

// so mu cua u la so nguyen hoac phan so co gia tri < 0
return new AnyNode (0, 1);

} else
// so mu cua u > 0
return u;
} else if (u.getKey() == -3) {

AnyNode v = u.operand(l);
AnyNode t = u.divNode(1l);
return Simplify.simplify (new AnyNode (-3, numerator (v),
numerator(t)));
} else
return u;

e Phuong thic denominator

public AnyNode denominator (AnyNode u) {
if (u.getKey () == -37)
// u la so huu ti
return u.operand(2);
else if (u.getKey () == -5) {
// u la luy thua
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if ((u.exponent().getKey() == 0 && u.exponent().getValue() <
0) | | (u.exponent () .getKey () == =37 && (u.exponent().numerator() < 0 |
u.exponent () .denominator () < 0)))

// so mu cua u la so nguyen hoac phan so co gia tri < 0
return Simplify.simplify (new AnyNode (-5, u, new
AnyNode (0, -1)));
else
// so mu cua u > 0
return new AnyNode (0, 1);
} else if (u.getKey() == -3) {
AnyNode v = u.operand(l);
AnyNode t = u.divNode (1) ;
return Simplify.simplify(new AnyNode (-3, denominator (v),
denominator(t)));
} else if (u.getKey() == -38)
return u;
else

return new AnyNode (0, 1);

e Phuong thuc rationalGRE

public boolean rationalGre (AnyNode u, ArrayList<AnyNode> s) {

GeneralPolynomial gpNumerator = new GeneralPolynomial (numerator(u),
s);

GeneralPolynomial gpDenominator =
GeneralPolynomial (denominator (u),s);

if (gpNumerator.isPoly && gpDenominator.isPoly)

return true;
else

new

return false;

e Phuong thuc rationalExpand

public AnyNode rationalExpand (AnyNode u) {
AnyNode numerator

numerator (u) ;

AnyNode denominator = denominator (u);

if (!isExpanded(numerator)) {
numerator = expand(numerator);

}

if (!isExpanded(denominator)) {
denominator = expand(denominator);

}

if (denominator.getKey() == 0 && denominator.getValue() == 0)
return new AnyNode (-38);

else {

AnyNode result = new AnyNode (-3, numerator, new AnyNode (-5,
denominator, new AnyNode (0, -1)));
return Simplify.simplify(result);
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e Phuong thic rationalzeExpression

public AnyNode rationalizeExpression (AnyNode u) {
if (u.getKey() == -5) {
AnyNode f = u.operand(l);
AnyNode result = new AnyNode (-5, rationalizeExpression (f),
u.operand(2));
return result;
} else if (u.getKey() == -3) {
AnyNode f = u.operand(l);
AnyNode g = Simplify.simplify(new AnyNode (-3, u, new AnyNode (-
5, f,new AnyNode (0, -1))));
AnyNode result = Simplify.simplify(new AnyNode (-3,
rationalizeExpression(f), rationalizeExpression(g)));
return result;
} else if (u.getKey() == -1) {
AnyNode f = u.operand(l);
AnyNode g = rationalizeExpression(f);
AnyNode r = rationalizeExpression(Simplify.simplify (new
AnyNode (-1,u, new AnyNode (-3, new AnyNode (0, -1), £))));
return rationalizeSum(g, r);
} else
return u;

e Phuong thuc rationalzeSum

private AnyNode rationalizeSum(AnyNode u, AnyNode v) {

AnyNode m = numerator(u);
AnyNode r = denominator (u);
AnyNode n = numerator(v);
AnyNode s = denominator (v);

if (r.getValue() == 1 && s.getValue() == 1)
// return m+n
return (Simplify.simplify(new AnyNode (-1, m, n)));
else {
AnyNode tl = rationalizeSum (
Simplify.simplify(new AnyNode (-3, m, s)),
Simplify.simplify(new AnyNode (-3, n, r)));
AnyNode t2 = new AnyNode (-5,
Simplify.simplify(new AnyNode (-3, r, s)),
Simplify.simplify(new AnyNode (0, -1)));
AnyNode result = new AnyNode (-3, tl, t2);
return Simplify.simplify(result);

Phu luc 35: Cac phuong thac trong SMC

e Phuong thuc taylorSeries

public static AnyNode taylorSeries (AnyNode expression, AnyNode var,
int n, int a) {
AnyNode result = new AnyNode (-1);
for (int k = 0; k <= n; k++) {
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AnyNode temp = new AnyNode();
AnyNode derivative = higherDerivative(expression,
derivative = derivative.substitute (new AnyNode (0,

AnyNode factorial = new AnyNode (0, Simplify.factorial(k));

var, k)

’

a), var);

AnyNode v = new AnyNode (-1, var, new AnyNode (0, -1 * a));

AnyNode x = new AnyNode (-5, v, new AnyNode (0, k));

temp.setKey (-3);

ArrayList<AnyNode> t = new ArrayList<AnyNode> () ;
t.add (derivative) ;

t.add (x);

Iz

t.add (new AnyNode (-5, factorial, new AnyNode (0, -1)));

temp.leaf = t;
result.leaf.add (temp) ;

}

return Simplify.simplify(result);

e Phuong thuc derivative

public static AnyNode derivative (AnyNode a, AnyNode b) {

if (b.getKey() != CEILING) {
return new AnyNode (-38);
} else {

if (a.equal(b)) {
return new AnyNode (0, 1);
} else if (a.getKey() == -5) {
return derivativePower (a, Db);
} else if (a.getKey() == -1) {
return derivativeSum(a, b);
} else if (a.getKey() == -3) {
return derivativeProduct(a, b);
} else if (free(a, b)) {
return new AnyNode (0, 0);
} else if (a.getKey() <= -17 && a.getKey ()
return derivativeTrigonometric(a, Db);
} else if (a.getKey() == -28) {
// dao ham exp (u)
AnyNode u = a.operand(l);

>= =22)

AnyNode r = new AnyNode (-3, derivative(u, b),
return Simplify.simplify(r);
} else if (a.getKey() == -29) {

// dao ham 1n (u)
AnyNode u = a.operand(l);

AnyNode r = new AnyNode (-3, derivative(u, b),

AnyNode (-5,
u, new AnyNode (0, -1)));
return Simplify.simplify(r);
}

return new AnyNode (-38);

{

a);

new

e Phuong thic higherDerivative

public static AnyNode higherDerivative (AnyNode expression,
AnyNode var, int n) {
try {
while (n != 0) {
expression = derivative(expression, var);
n-=-=y
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return expression;

} catch (Exception e) {
System.out.println(e.toString());
return new AnyNode (-38);

e Phuong thuc minF

public static AnyNode minF (GeneralPolynomial a, GeneralPolynomial b,
AnyNode var) {
AnyNode da = a.degreeGpe (var);
AnyNode db b.degreeGpe (var) ;
int max = 0;
if (da.compare (db)) {
max = db.getValue() ;
lelse{
max = da.getValue() ;

}
ArrayList<AnyNode> operators = new ArrayList<AnyNode> () ;

for(int i = 0; 1 <= max; 1i++){
AnyNode temp = new AnyNode (-3);
AnyNode coffl = a.coefficientGPE (var, 1i);
AnyNode coff2 = b.coefficientGPE (var, 1);
if (coffl.compare (coff2)) { // coffl < coff2
temp.leaf.add(coffl);
lelse{

temp.leaf.add(coff2);
}
temp.leaf.add (new AnyNode (-5, var, new AnyNode (0, 1i)));
operators.add(temp) ;
}
AnyNode result = new AnyNode (-1, operators);
return Simplify.simplify(result);

e Phuong thuc maxF

public static AnyNode maxF (GeneralPolynomial a, GeneralPolynomial b,
AnyNode var) {
AnyNode da = a.degreeGpe (var);
AnyNode db b.degreeGpe (var) ;
int max = 0;
if (da.compare (db)) {
max = db.getValue()
}else({
max = da.getValue();

}
ArrayList<AnyNode> operators = new ArrayList<AnyNode>();

for(int i = 0; 1 <= max; 1i++){
AnyNode temp = new AnyNode (-3);
AnyNode coffl = a.coefficientGPE (var, 1i);
AnyNode coff2 = b.coefficientGPE (var, 1i);
if (coffl.compare (coff2)) { // coffl < coff?
temp.leaf.add(coff2);
}else({

temp.leaf.add(coffl);
}
temp.leaf.add (new AnyNode (-5, var, new AnyNode (0, i))):;
operators.add (temp) ;
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AnyNode result = new AnyNode (-1, operators);
return Simplify.simplify(result);

e Phuong thic dedup

public static AnyNode dedup (AnyNode expression, AnyNode var, int n, int a) {

AnyNode result = new AnyNode(-1);

for (int k = 0; k <= n; k++) {
AnyNode temp = new AnyNode () ;
AnyNode derivative = higherDerivative(expression, var, k);
derivative = derivative.substitute (new AnyNode (0, a), var);
AnyNode factorial = new AnyNode (0, Simplify.factorial(k));
AnyNode v = new AnyNode (-1, var, new AnyNode (0, -1 * a));
AnyNode x = new AnyNode (-5, v, new AnyNode (0, k));
temp.setKey (-3);
ArraylList<AnyNode> t = new ArrayList<AnyNode> () ;
t.add (derivative) ;
t.add (new AnyNode (-5, factorial, new AnyNode (0, -1)));
AnyNode ck = Simplify.simplify(new AnyNode (-3, t));

if (ck.isNegative () == 1) {
t.clear();

}

t.add(x);

temp.leaf = t;
result.leaf.add (temp) ;

}

return Simplify.simplify(result);




